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This paper addresses the robust sparse recovery problem in the presence of impulsive measurement
noise. In order to overcome the poor performance of ¢;-norm loss function with the outliers under the
impulsive noise, we employ the ¢;-norm as the loss function for the residual error, which is less sen-
sitive to outliers in the measurements than the popular ¢;-loss. To rise to the challenges introduced by
the non-smooth problem, we first employ two smoothing strategies to approximate the ¢;-norm loss
function: one introduces a relaxation factor in the ¢;-norm and the other uses the infimal convolution
smoothing technique to transform it into a smooth counterpart. Both of them can approximate the ¢;-
norm with arbitrary degree of accuracy and provide a Lipschitz continuous gradient loss function. Then,
we employ the accelerated proximal gradient (APG) and monotone APG (mAPG) frameworks for the con-
vex and non-convex regularization functions, respectively. The convergence performance is discussed for
generalized regularization penalty. The simulation result demonstrates our conclusions and indicates that
the algorithm proposed in this paper can improve the reconstruction quality.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction
1.1. Background

In recent years, sparse optimization is a very attractive field
which has been found wide applications, for example, compressive
sensing (CS), machine learning and medical imaging. In the CS
framework, it can sample the sparse or compressible signals below
the Nyquist rate, whilst still allowing perfect reconstruction of the
signal [1]. Let x € RN be the unknown signal, which is sparse, or
can be sparsely represented on an appropriate basis or dictionary.
CS samples x with an M x N measurement matrix A e RMxN,
where M is much smaller than N, yielding the measurement
vector y € RM, It can be expressed as:

where the sensing matrix A is usually chosen to be a random ma-
trix, such as Gaussian matrix, Bernoulli matrix, or partial Fourier
matrix, and n € RM denotes the measurement error or noise.

Reconstructing the sparse signal x is an underdetermined
problem, which can be formulated as the following minimization
problem

minF (x) = f(AX - y) +g(X) (2)
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where f is the loss function related to (1), and g is the regu-
larization function to penalize the sparsity of x. Intuitively, g(x)
should be the ¢y3-norm ||x||g, representing the number of nonzero
elements of X. Unfortunately, minimizing the ¢y3-norm is equivalent
to finding the sparsest solution, which is known to be an NP-hard
problem. A favorite and common approach is using the ¢;-norm
convex approximation, i.e., g(X) = ||X|; = Zf’zl |x;| instead of the
¢o-norm. This convex relaxation model has been widely used
in many different fields, such as synthetic aperture radar (SAR)
images processing [2], direction of arrival (DOA) estimation [3] and
magnetic resonance imaging (MRI) [4]. It has been proved that
the sparse signal x can be recovered by the ¢;-norm minimization
under some assumptions of the sensing matrix A, such as the
restricted isometry property (RIP) [1]. However, the ¢;-norm
regularization sometimes tends to underestimate high-amplitude
components of x as it uniformly penalizes the amplitude, unlike
that all nonzero entries have equal contributions in the ¢3-norm.
This may lead to failure recovery in some cases [5], such as the
undesirable blocky images in the CT [6,7]. To address this issue,
many non-convex regularizations, which are interpolated between
the ¢yp-norm and the ¢;-norm, have been proposed to approximate
the ¢p-norm more accurately and bring better reconstructions,
recently. This can be illustrated by the ¢, (quasi)-norm with
pe(0, 1) [8-10], capped ¢;-norm [11,12], reweighted ¢;-norm
[5], the difference of the ¢; and ¢;-norms (€1_5) [13,14], log-sum
penalty (LSP) [7], smoothly clipped absolute deviation (SCAD) [15],
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minimax-concave penalty (MCP) [16-18], correntropy induced
metric (CIM) penalty [19,20].

On the other hand, f(Ax—y) = |Ax—y||3, which is the ¢,-
norm of the residuals, is often used as the loss function to measure
the data fidelity. This is because that the measurement noise is
usually Gaussian distributed or approximately Gaussian, and the
¢>-norm makes the reconstruction problem convex and simplifies
the derivation of the recovery algorithms. However, the noise
sometimes exhibits non-Gaussian properties in practical applica-
tions, such as the impulsive noise, i.e., including salt-and-pepper
noise and random-valued noise, which are often found in image
processing [18,21]. Under the impulsive noise, due to the fact that
the least-squares (LS) based algorithms perform poorly with the
outliers, the normal CS recovery algorithm with the ¢;-norm loss
function is rather inefficient [22]. In order to obtain the robust
recovery under the condition of impulsive measurement noise, var-
ious sparse optimization algorithms have been proposed recently
based on different loss functions. For example, Huber penalty
function [22,23], ¢,-norm loss with pe[0, 2) in [20,24-27], and
maximum correntropy criterion (MCC) based function [19,28] have
achieved better performance than the ¢,-norm loss function.
Among them, the algorithms that combining the robust loss
function with the nonconvex regularization function have achieved
impressive performance under non-Gaussian environments, such
as the CIMMCC [19] using MCC and CIM, and CIMLMP [20] using
least mean p-power (LMP) and CIM. Meanwhile, one particular
interest is the ¢;-norm loss function as f(Ax—y) = |[AXx—y];.
which is optimal when the impulsive noise is modeled as a Cauchy
distribution [29].

In this paper, we consider the following g(-)-regularized
least-absolute (LA) sparse recovery problem

minF (x) = f(AX —y) +g(X) = [|AX - y[|; +&(x) ()

where g(x) is the convex or generalized non-convex penalty for
sparsity inducing, such as hard-thresholding, ¢,-norm penalty,
¢1_ penalty, LSP, SCAD, or MCP.

Generally, the problem (3) is difficult to solve, which is due to
that the loss function f is non-smooth and the penalty function
maybe nonconvex. To address the non-smooth ¢;-norm, many
researchers using the alternating direction method of multipliers
(ADMM) [24,26], in which the loss term and the penalty term are
naturally separated. Using an auxiliary vector, the problem can be
reformulated as

l‘}‘(liul‘l {llull; + g(X)} subjectto Ax—-y=u (4)

Some researchers transform the non-smooth ¢;-norm into a
smooth counterpart and employ the ADMM [30] or difference of
convex algorithm (DCA) [18] to solve the recovery problem. As
will be shown later, there is a link between the auxiliary vector
method and the proposed infimal convolution smoothing method.

1.2. Contributions

The main contributions of this work are summarized as follows.

First, we propose two smoothing strategies for the non-smooth
loss function, one introduces a relaxation factor to approximate
the ¢;-norm, the other uses the infimal convolution smoothing
technique to transform the non-differentiable ||Ax—y||; into a
smooth counterpart. Both of them can obtain a continuously dif-
ferentiable loss function, whose gradient is Lipschitz continuous.
As it will be shown in the later section, this property is crucial for
the convergence of the new algorithm.

Second, the convergence performance of the algorithm is
discussed under the accelerated proximal gradient (APG) [31] and
monotone APG (mAPG) [32] frameworks for the convex and
non-convex regularize functions, respectively.

Finally, we discuss some properties of these smoothing strate-
gies which can be easily extended to other sparse recovery
problems. We also evaluate the effectiveness of the proposed
algorithm via numerical experiments.

1.3. Outline and notation

The rest of this paper is structured as follows. In Section 2,
we introduce two smoothing strategies. In Section 3, we employ
the APG and mAPG frameworks for the minimization problem and
provide some theorems to demonstrate the convergence of the
proposed algorithm. In Section 4, we extend the smoothing strate-
gies to other sparse recovery problems. Section 5 presents the nu-
merical results. In the end, we provide our conclusion in Section 6.

Here, we define our notation. We define the ¢y-norm of the

1
vector X e RN as I, = (Zn |xn|”)”. Especially, we define ¢q, ¢,

1

and €o-norms of X as [[x[l; = >, [xal. [IX[l, = (X, |xn|2)7 and
IX]|, = maxy|x,|, respectively. Given a matrix A e RM<N Ap is
defined as the m-th column of A, AT is defined as the transpose
of A, ||A||§ is defined as the maximum eigenvalue of ATA, denoted
by Amax(ATA), and [AX]n is defined as the component m of AX.
(-, -) denotes the inner product. B<A means that the matrix A — B
is positive semidefinite. Iy represents an N x N identity matrix,
and sign(-) represents the sign of a quantity with sign(0) € [-1, 1].
The set of proper lower semicontinous convex functions from RN
to R {+oo} is defined as I'p(RN).

2. Smoothing approximation methods

This section is devoted to construct two functions to smooth
the least-absolute loss function. The first one introduces a relax-
ation factor and approximate the ¢;-norm as the sum of ¢,-norm.
The second one uses the infimal convolution with the convex
function 1 |IB()|5.

2.1. tep-norm smoothing approximation method

Definition 1. Let xeRM, the ¢p-norm (p>1) function

1
IX]le, : RM — R is defined as ||X||, , := ", (Ixm|P + &) . where
e = diag(eq, &3, ..., &y) with every g, > 0.

From Definition 1, we can find that the ¢., degenerates into
the ‘¢; .’ in [30] if we choose p=2 and ¢1 =&, =--- = ¢gy. Fig. 1
plot the ¢4, ‘¢1," and £¢p for comparison. From this, we can find
that the £¢p-norm have more flexible strategies in smoothing
approximation with different choices of € and p.

Easily, we have that ||x||¢p is smooth and differentiable. As
maxmeém — 0, [|X|lep — [IX|l1, [X]lep can approximate [x||; when
each element in € is sufficiently small. By using the ¢ ,-norm,
we have a smoothing strategy for the non-smooth loss function
f(Ax—y) = ||Ax —y||;. defined as

fop(Ax—y) = [Ax =], = 3 (lenl” + €5 5)

m

where en = [AX—Y],;, = O, GmnXn) —Ym, amn is the (m, n)-th
element of matrix A. From (5), we have

OffS,p(Ax_y)_f(Ax_Y) 5Zm8m < Mémax (6)
where &max=maxmem. The gradient of f; ,(AX —y) is given by

Vfep(Ax —y) = AT (7)
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Fig. 1. The scalar ¢, with different & and p.

ty]" € RM with ¢, = lenl” s0€n) png the
(|em‘p+5m) p

where T=[ty,...,

Hessian Matrix of f; ,(AX —y) is

] Ax —1)|em|P2eh,

vZpr(Ax y)z] w Zamzam]w’
i0Xj (|em|P + SP)
i=1,...,N j=1,....N (8)
P m|P~2el . p e
By substituting (|e|e|l’|+apg)2’% < mm{lerjlp“’ lesﬁi” } into (8), we
have
-1

V2f, (A =Y}y < 3 ity P 9)

m
Then we have
Vifep(AX—y) < (p—1)ATe'A (10)

where ¢! =diag(1/&;,1/&,,...,1/ey ). From this we can find
that the gradient of smoothing function f¢ p(Ax—y) is Lipschitz
continuous, which is crucial for the solution of minimization
problem (3) as will be shown in Section 3.

2.2. The infimal convolution smoothing method

In this subsection, we first recall the definition of infimal
convolution. For two functions h and ¢ from RM to R {400}, the
infimal convolution [33] is given by

(hOp)(x) = inf {h(w) +@(x —w)} (11)

In the notation of infimal convolution, the Moreau envelope
[34] with a scale parameter 8 > 0 of function h is defined as

00 = hoo0 55 13 = inf fhw + o u-x3}  (12)

Then, we introduce the second smoothing method by using the
infimal convolution with the convex function %||B(-)||§.

Definition 2. Let x ¢ RM, B ¢ RM*M_ We define the infimal convo-
lution smoothing function hg , : RM — R (p>1) as

o 0:= inf {h(w) + 5 B -7} (13)

From Definition 2, we can find that the hg, degenerates into
Moreau envelope if we choose p =2 and set B'B to be the scale
identity matrix %IM.

Figs. 2 and 3 show the curves of hg, with different scale
matrices B and p, where B = I, and p = 2 correspond to the well-
known Huber function. Intuitively, we can find that with a bigger
p, the hg ; is smoother, and hg ), is closer to h with larger matrix B.

Proposition 1. Let h e T'o(RM) and be coercive, and x e RV, y € RM,
AcRMN B e RM*M then hg ,(AX—y) (p>1) is a proper lower
semicontinuous convex function, and the infimal convolution is exact,
ie,

. 1

hg p(AX — y)=min {h(u)+f||B(u—Ax+y)||§} (14)
ueRM 2

Proof. Set go(x):%||B-||§J (p>1) in (11), then we have

hg p(-) = (hOg)(-). Since h,¢ e [o(RM) and h is coercive, and
¢ is bounded below, then we can obtain that hg , € I'o(RM) and it
is exact at every point of its domain by Proposition 12.14 in [35].
By using the preserving convexity property of affine mapping, we
have hg ,(AX —y) € To(RM). O

Next, we will show that hg,(AXx—y) can approximate
h(Ax —y) at any given precision when we choose proper scale
matrix B. O

Proposition 2. Let h € 'y (RM) and be coercive, and the scale matrix
B satisfies BTB> 21y, suppose that the subgradients of h over RM are
bounded by Ly, |l (2)|, < Ly for any z e RM and h'(z) € 3h(z). Then,
it follows that

> =

h(AX —y) — 8pp(Ly)" < hpp(AX—y) < h(AX —y) (15)

p
—1( 2 \P1
where p>1 and 8g , = pT(W> .
See Appendix A for the Proof of Proposition 2.
If we choose p =2, then we have

h(AX —y) — 55 L; < hg2(AX —y) < h(Ax —y) (16)

Zﬁ

Next, we focus on the gradient of hg,(Ax—y) under the
condition of h(AXx —y) = |Ax —y||; and B'B = diag(b?, b3, ..., b%/)
is diagonal. If h(Ax-y)=||AX-y|;, we define a function
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Fig. 2. The scalar hg, with different b and p (h(x) = [Ix||,).
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Fig. 3. The level curves of hg, with different B and p (h(x) = [|x||;).

g:RM L R as

1
gw) = [lull; + 5 [[B(u - Ax +y)|3 (17)
Then from (14), we have that hg ,(Ax —y) is the minimization
of g(u), and we suppose that hg ,(AX —y) = g(i1). Since g(ii) is
convex, we have that @ minimizes g(u) if and only if 0 € g(ii),
where the subdifferential of g(i1) is given by

0 e g(ii) = 3|, +§d%—1BTB(ﬁ—Ax+y) (18)

where d = ||B(ii — Ax +y) |5 and
[T sign(dim) ¢ RM with

3|lii|l, = SIGN(ii) =

{1}, tim >0
sign(fiy) (= 1{[-1,1], dn=0 (19)
{-1}, tim <0

From the definition of hg ,(AX —y) in (14), we have
dhp.p(AX —y) = 3" (D |i]],) + gd%—l (AT -3 BTB(AX—y—ii)
_ afﬂ<a||ﬁ||1 + Pat-rB - Ax+y)>
+ §d§’1ATBTB(Ax—y— ) (20)

We define the support of i as I",=supp{ii}, which is the index set
labeling the non-zero elements in @, and define the corresponding
zero elements in @ as 'y, then we have

i’ (a||ﬁ||1 + Dat BB - Ax +y))

— (9a) . (a||ﬁ||l+gd%43TB(ﬁ —Ax+y))

*

+(aﬁT)FO(8||ﬁ||1+gdfp‘1BTB(ﬁ—Ax+y)) (21)

Io

For Vm e I'«, from (18), we have

8||ﬁ||1+gd%*1BTB(ﬁ ~AX+y)=0 (22)
For VmeI'y, we have

(8ﬁT)m =0 (23)
Substitute (23) and (22) into (21), we can obtain

dhy(Ax—y) = DdtIATBTB(AX —y - ) (24)
By using (18), we have that

gdf’” |B"BAX -y )| _ <1 (25)
Substitute this into (24), it follows that ][ahBVP(Ax - y)]n] <

Z%Iﬂ |Gmn].
If B'B = diag(b?,b3,....b3,). by substituting it into (18) and
considering the convex separable properties of g(u), we have

{i= Shrink<Ax—y, %(BTB)’1 (d)”%> (26)
Then we can use an iterative framework for the solution of :
@ = shrink(Ax - y. Z(8'B)”" (@)'™)
p , (27)
d! = |[B(& - Ax+y) [,
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where shrink(x, A) denotes the soft shrinkage operator given by

[shrink(x, A)],,, = sign(xm) max {|xm| — Am, 0} (28)
Then, by using (24), we have
ohg p(Ax —y) =ATv (29)
where v = [v1, 1, ..., V)] with
2 1-2
1, [AX —y],, > Ed 2
pr b 2 1-2
Um = dez [AX = V], [[AX—Y],| < Md : (30)
2 dpg
-1, [AX —y], < b2

Then, we can calculate the gradient of hg ,(Ax —y) with an ap-
proximate d by using the iterative framework of (27) after proper
iterations.

Remark 1. If we choose p =2, then the gradient of hg,(AX —Yy)
is equal to dhg 5 (Ax —y) = ATv with

1, [Ax —y],, > 1/b?,
Um = | bh[AX =y, [[AX—V],| < 1/b% G1)
-1, [Ax —y], < -1/b,

which does not need to calculate (27) iteratively.

Proposition 3. et h(Ax-y)=||[Ax-y|; and B'B=

diag(b3,b3. ..., b},). the Hessian Matrix of hg ,(AX —y) satisfies
Pi5-1ATBBA, 1<p<2

V2hg ,(AX —y) < (32)

p(pffl)dquTBTBA, p>2
And if p>2, the gradient Vhg ,(AX —y) is p||BA||%-Lipschitz contin-
-2

1 =
uous with p = (p—1)(5)>T (ﬂ) "' where b, = minm{b,,}.

bmin
See Appendix B for the Proof of Proposition 3.

Remark 2. If we choose p=2, we have that Vhg ,(AX—y) is
||BA||%—Lipschitz continuous, which can be obtained by using
Proposition 3 directly. Meanwhile, this conclusion can be extended
to any h that he I'o(RM) and be coercive with normal matrix
B ¢ RM*M_See Appendix C for the Proof.

Propositions 1 and 3 help the smoothed loss function
hg (AX —y) (p=2) to fit the requirement of the APG and mAPG
frameworks, which is quite important for the proposed algorithm
as will be shown in the next section.

3. Algorithm for the smoothing based recovery problem

3.1. APG and mAPG frameworks for the convex and nonconvex
problems

Rewrite the g(-)-regularized least-absolute recovery problem as

minF(x) = f(AX - y) +g(X) = |AX - y[|; +g(X) (33)

Firstly, we use the above two smoothing strategies to transform
the non-differentiable and non-separable ||Ax —y||; into a smooth
counterpart with Lipschitz continuous gradient and choose the
proximal gradient (PG) framework to solve the minimization.

1) The first approach uses the ¢gp-norm smoothing approx-
imation method to transform the problem (33), and solves the
following smoothed problem

minF,p(X) = fep(AX —y) +8(X) (34)

Given a symmetric positive semidefinite matrix H € RN*N, we de-
fine the quadratic approximation of Fgp(X) at a given point z as

Qu(x,2) = g(X) + fep(AZ —y) + (V fep(AZ —y), X — Z)

+%(X—Z,H(X—Z)) (35)

For any X,z € RN, if we choose the symmetric positive semidefinite
matrix H that satisfies
fep(AX—y) +8(X) < Qu(x,2) (36)
then, for any x0 € RN, the k-th iteration of proximal gradient (PG)
[31] for solving (34) is

k+1 _ i k
X _argn}(mQH(x,x) (37)

Specially, we set H=LJIy with L;> (p— 1)||A||%/smin , or
H=(p— 1)AT¢~1A. Then, from (10), easily we have that condi-
tion of (36) holds for any X,y € RN,

When H=LcIy with L > (p— 1)||A[|3/€min . We have

xk

+1 = arg mxinQH(x, x")
= argmin {g(x) + fep(AX* —y) +(Vfe p (AX - y), x — xF)

+%(x—xk,x—x">}

X — xk + LlATTk

&

2
} (38)

. Le
= argmin {g(x) 3 ,

The last equation comes from the gradient calculation of
fe.p(AX—y) in (7).
Similarly, when H=(p — 1)ATe~1A, we have

XK1 = arg min {g(x) + fg,p(Axk — y) + <vf€_p(Axk _ y), X — x">

|

(39)

+ p; l(x —x*, ATeTA(x —x"))}

1 4o
- Tk
18

: pP=1| __1p I
= argmin {g(x)—i— TH@ / A(x-x<) +

where ¢-1/2 = diag(1//&7 ,1//&2 , .., 1//&m )

2) The second smoothing strategy is replacing the non-smooth
function f(Ax—y) by its infimal convolution fg ,(AXx—y), then
the recovery problem becomes

minFy p(X) = fi p(AX —Y) + g(X) (40)

However, in order to calculate the gradient of fg ,(AX —y), we only
consider a common simple case that BB =diag(b?,b3,....b%)
is diagonal with b,, > 0 in this paper. From the definition of the
fe,p(AX —y), one can find that the infimal convolution smoothing
function can also be thought as an extension of the generalized
Huber function in [17] but with different p. However, in this
paper, we mainly consider this generalized Huber function as an
infimal convolution smoothing approximation of the ¢;-norm loss
function, and discuss the relationship between them from the
aspect of smoothing approximation.

Similar as the first £¢ p-norm smoothing strategy, we also define
the quadratic approximation of Fg,(X) at a given point z as:

Pu(x.2) = g(X) + fop(AZ—y) +(V fa,(Az ~y). x - 2
1
+§(x—z,H(x—z)) (41)
Here we set H=Lgly with Lg> p||BA[|5 or H=pATB'BA with
2

1 =
p=(@-1(3)"" (bﬂ) "'to satisfy the condition fo.p(AX —y) +
min
g(X) < By(x.z) for any X,z € RN by using Proposition 3.
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Table 1
Smoothing based APG and mAPG methods for convex and non-convex regularized LA loss function.

Algorithm 1. Smoothing based APG and mAPG methods

Initialization:
Given A, y. Select H, ¢, 8, Nitr and &.
Initialize x' =x° =0, t' =0 =1.
Main iteration loop:
for k=1,2,..., Nge do
APG: x-updating: x* = x* + £=1 (x — x*-1
£ep-norm smoothing: x*+1 = argmxinQH(x, xk) with (38) or (39)
infimal convolution smoothing: x¥+! = argmxinPH(x, x") with (42) or (43)
mAPG: z -updating: z¥ = x* + ‘k’;—[l (uk —x¥) + ‘k’:—[l (xk —xk-1)
u, v -updating: ¢.,-norm smoothing: u**! = argm)g'nQH(x. z¥) and v = arg mxinQH(x, xk) with (38) or (39)
infimal convolution smoothing: u*t! = arg mxinPH(x. z¥) and v¥+! = argmxinPH(x, xK) with (42) or (43)
ukﬂ’ if Fs.p (uk+1) < Fs.p (vk+l)
vkl otherwise
uk+1, if ﬁ;,p(llkﬂ) < Fs‘p(VkH)
vkl otherwise

X -updating: ¢, ,-norm smoothing: x**! = {

infimal convolution smoothing: xk! = {

t-computation: tk+! = (1 + ,/4(t")2 + 1)/2

Exit criterion: £41 = |x4+1 —x¥ ||, /|| x¢,
if £k1 < & then
exit
end if
end for

Similar as (38), when H=Lgly with Lg > p||BA||§, we have

xk+1

argmin Py (x. x¥)
2

1
x—xf+ EVfB,p(Ax" -y)

= argmin {g(x) + %B } (42)

2
By using (27), (29) and (30), the Vfg,(Axk—y) can be calcu-
lated with an approximate d when we choose p > 2, or by using
Eq. (31) directly when we choose p = 2.

When H=pATBTBA, we have

x1 = arg min Py (x, x")

argmin {g(x) + fo.p(AX* —y) + (V fa o (AX* —y). x — x¥)

+ g(x —x* ATB"BA(x - xk))}
= argmin {g(x) + §||BA(X— x) + p 1BV ”2} (43)

where B! = diag(1/b;, 1/by....,1/by) and vk can be calculated
by (30) or (31).

Secondly, we apply an acceleration method for the PG frame-
work. The main disadvantage of the PG method is that its
convergence rate O(1/k) is relatively slow, and it requires g(x) be-
ing convex. To overcome these, the accelerate versions: accelerate
proximal gradient (APG) for convex problem [33] and monotone
APG for nonconvex problem [32] are proposed, respectively. Both
of them have convergence rates O(l/kz) for convex programs.

By using the APG and mAPG framework, which uses a proximal
gradient step as the monitor, we summarize our algorithm in
Table 1, where Ny, is the max number of reconstruction itera-
tions, £¥+1 is the ¢,-distance between two recoveries x¥+! and
xK. The exit criterion £¥+! < &, means that there is no longer any
appreciate changes in the iteration and the algorithm runs into
convergence.

3.2. Some supplements of the proposed algorithm
First, we focus on fast solutions for the non-convex regular-

izations. From Table 1, we can find that the main computation
of mAPG is concentrating on the non-convex minimization for u

and v-updating. However, for some frequently-used convex and
non-convex regularizes (penalties), problems (38) and (42) have
closed-form or fast solutions. In this subsection, we provide some
fast solutions for the non-convex problem

X1 = proxyg(d) = argmin {g(x) + 5 [x - |3} (44)

where prox;g(d) is the proximal operator. Table 2 lists some
examples of closed-form expressions of the proximal operators of
various functions. In Ref. [38], Table 10.2 lists some other functions
in To(RV) with closed-form expressions.

Here, we consider other two special penalty functions.

(i)  Generalized MCP, g(X)=A(||X||; —Sz(x)), where

Sz(x) is the generalized Huber function that defined as
Sz(X) = ian{||v||l + 3|1Z(x —v)[13} in [17]. When Z"Z is diagonal,
VeR!
ie, Z'Z=diag(z?,23,....2}), problem (44) has a closed-form
solution:
k+1 [ 2
Xt = argmin { 57 (w; = d)° + A (Iwif = sz, (wi)) } (45)
where sz, (w;) is the scalar Huber function, defined as:
22x%/2, x| <1722,z 40
sz,.(xl-)={”/2 |xi| < /,2 P # (46)
|Xi|_zi/2’ |X,’|>1/Z'.,Z,'750

and sy(x;):=0 when z = 0; and 2 is a set composed of 6 elements

_ C1 1 AL di+AL
Q= {0’ Zis 22’ 22 1-Mz 1-M2 |

(ii) s—differenlce penalty. the penalty is g(x) = R(X) — R(x%),
where x5 is the best s term approximation to X. In Ref. [39], we
give the closed-form solutions for some commonly used R(x), such
as ¢y, ¢y, ¢1_2, MCP, LSP. For example, if g(x) = A(||X]l; — [1X°]l1).
then the solution x*+1 is

iel?
XI_<+1 d

_Jdi
i _{shrink(d,-,AL), else (47)

where I'j denotes the index set of top-s elements of vector d in
absolute value.

Second, we analyze the complexity of the proposed smoothing
based recovery methods in Table 1. We assume that arithmetic
with individual elements has complexity O(1). Take the APG for
example, the main computational complexity comes from the cal-
culation of x¥+1. For the ¢, p-norm smoothing strategy, calculating
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Table 2

Some proximal operators with closed-form expressions.
Function type g(x) prox;g(d)
¢1-norm penalty g(x) = AlIx]4 x’i‘“ = shrink(d;, AL)
Hard-thresholding  g(x) = A |||, PUSIE 21 L(f;‘es V2AL

{p-norm penalty gx) = AlIx|l}, 0<p<1

¢ penalty g0x) = A(Ixl; — e[1x]15)

Alxil, [xi| <A
SCAD 80X) = X8 (xi)gi (xi) = | A

(@+1DA22,  |x| = ar
LSP gx) =AY ;log(1+]x/0); 6>0
mcp 800 = A(IX]ly = S(x)) Sx) = inf {|]vll; + 31Ix - I3}

A<|x| <o and o >2

p=1/2 or p=2/3 in [8]; Otherwise, it can be solved as in [36]
Lou and Yan [14, Lemma 1]

The corresponding solution can be found in [15]

The corresponding solution can be found in [37]
The corresponding solution can be found in [37]

Xk = argmxinQH(x, xk) by (38) includes: the proximal operator
by using (44) and the calculation of gradient Vf¢ ,(Ax—y) by
using (7). The former depends on the choice of penalty function
g(x). For example, if we choose g(x) = A|x||;, then the proximal
operator costs O(N) as shown in Table 2. The latter needs to
compute the vector T and the matrix multiplication of ATT, which
both need to cost O(MN). For the infimal convolution smoothing
strategy, calculating x*+1 = arg mxinFH(x, xk) by (42) also includes

the proximal operator (44) and the gradient V fg ,(AX —y) calcu-
lation. The latter needs to compute a matrix multiplication of ATv
that it costs O(MN), and calculate the vector v. If we choose p = 2
for the fB'p, calculating v requires O(MN) by using (31). Otherwise,
we need to use the iterative framework (27) and (30) to obtain
the approximate v for p#2, which requires O(MN +2ifM) with
ir standing for the iteration number of the framework (27). For
the mAPG, the computational complexity is twice that of the APG
as there is an additional monitor in the mAPG. From the above
analysis, we can find that the proposed two smoothing strategies
do not increase the computational complexity too much.

3.3. Convergence analysis

The purpose of this subsection is to analyze the convergence
performance of the proposed smoothing based algorithm.

We first look at the convergence performance under the convex
condition. Let the sequence {x¥ ,} and {xﬁp} being generated by
the algorithm 1 based on the ¢¢p-norm and infimal convolution
smoothing strategies, and x; , and x;p are optimal solutions of
the smoothed problems of (34) and (40), respectively.

Proposition 4 (Ref. [31], Theorem 4.4; Ref. [40], Theorem 2.1). For
convex g(x), the {x ,} or {x{;vp} generated by algorithm 1 satisfies

‘ 2[x° ¢, [
Fep(XEp) = Fop(X2 ) < W or
2x° —xz |’
I:B,p(xg,p) - Fva(xﬁ,p) = “(k‘i‘:);”H (48)
where  [x0—x: ||fl is  defined as  ||x°-x;, Hf{ =
(x0 —x; . H(x? —xz ). and ||x° — xB.p”i{ has a similar meaning.

Proposition 4 means that the proposed algorithm can ensure
to obtain an 0(1 /k2) convergence rate for the convex problem.
However, one may be more interested in the original problem
(33) rather than the smoothed problem (34) or (40), which means
that we need to consider the expressions of F(x£ ) — F(x*) and
F(x§ ,) — F(x*). Here x* stands for the optimal solution for the
original non-smooth problem (33).

Lemma 1. For convex g(x), the difference F(x£,)—F(x*) or
F(x’éip) — F(x*) is bounded by a term that depends on & or B and p,
respectively.

2|x0—x;

2
iy o

(k+1)° —

ZHXO B X’f,_p ”12{

F(xt,) - F(x") <

F(x¥ ) - F(x*) < + 8g ,M 7T 49
(Khp) = FOC) = === (49)
where 8y, is defined as
p
p-1 < 2 )vj
dgp="—5— 50
Bp 2 pbmin ( )

Proof. By using the inequality (6), we have

FX) <Ep(X) <F(X)+ > &m. VYxeRN (51)

Note that X} , is an optimal solution of Fgp(X), by using (48), we
have

F(x’g‘yp) —F(x*) < Fg,p(x’g‘.p) —Fp(x*) + Zem
m
<Fp(xt,) —Ep(Xi,) + ém (52)
m

2
< 2||x° _xsz”H + ng
m

(k+1)?

Similarly, for the infimal convolution smoothing method, by using
Proposition 2, the following inequality holds

p
T

FAx—y) ~85,(Ls) < fop(AX—y) < f(AX—y) (53)

Here we use the property of the convex function f(z) = ||z|;,z €
RM, that the subgradients of f are bounded by L; = v'M. Contrast-
ing with (52), we have

F(xs,) —F¢) < (x5 ) — Fy(x") + 8 M7
< Fop(X§ ;) — Fo.p(X5, ) + 8. M7 D (54)

2[x0 —xx |°
|| (k T 1‘;2P”H + SB,pM%

This completes the proof. O

A

Theorem 1. Let ¢ >0, if we choose the symmetric positive semidef-

E =
inite matrix H as H=pATBTBA with p = (p—1)(§)"" (bﬂ>p !
min
p-1
and select by, =2b ;. = @(%) P~ then an ¢-optimal solu-

tion of (40), i.e., F(x’,;) —F(x*) < ¢, can be obtained by using the
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Fig. 4. The scalar gg ,(x) with different b and p.

proposed infimal convolution smoothing based APG method after at
most iterations of

k = max { (4(p - 1)y/2M/p|A(X° - x: ) ||2/g) -1, 1} (55)

p-1
Proof. Taking by, =2b . = @(%) P and H=pATB"BA, and
using Lemma 1, we have
20biax [A(X* —X5,) |
(k+ 1)
p-2

S UM\ [Ase—xg )]
n(g)” (1)

p—=17 2 NN/ _»

* 2 <pbmin) M e
_16M(p— 1D’ [AR - xt,) s
pc(k+1)? 2

Therefore, to guarantee the inequality F (xﬁ_p) —F(x*) < ¢, the
iteration number k needs to satisfy that

2
2 5y

F(xg,) —F(x) <

4(p-DV2M||A(X—xi, ) |
D) 2 <g (57)
This means that after at most k=

iterations,

max[(4(p —1)/2M/p ||A(x0 — Xt p) ||2/g ) -1, 1}
we can obtain an ¢-optimal solution of the original problem. This
completes the proof. O

For the ¢¢p-norm smoothing method, we have a similar result
without proof.

Theorem 2. For convex g(x), let ¢ >0, if we choose the smoothing
matrix € as Y ., &m = 2Méen, = ¢/2 and the symmetric positive
semidefinite matrix H as H=(p—1)AT¢"'A, then an c¢-optimal
solution of (34), ie, F(x ) — F(x*) < ¢, can be obtained by using
the proposed ¢¢p-norm smoothing based APG method after at most
iterations of

I<=max{<4\/1\m’|A(x°—x;,p)Hz/g) —1,1} (58)

From (55) and (58), we can find that the most iteration num-
bers have a same expression if we choose p=2. Meanwhile,
if we choose the symmetric positive semidefinite matrix H as

H=(p- ])||A||%IN/€min and H= p||BA||§lN for ¢¢p-norm and infi-
mal convolution smoothing methods, we have similar conclusions
as Theorems 1 and 2, respectively.

For the non-convex penalty function, since we employ the
mAPG framework to solve the optimization problem and the
smoothed functions fe ,(AX—y) and fg ,(AXx—y) have Lipschitz
continuous gradients, same as the analysis of Theorem 1 in [32],
we can obtain the convergence performance under the nonconvex
condition.

Theorem 3 (Ref. [32], Theorem 1). Let g(X) be a proper and lower
semicontinuous, for non-convex and non-smooth g(x), assume that
Fep(x) and FB‘p(x) are coercive. Let x; , and X5 p be any accu-
mulation points of {x,} and {x )} we have 0e dF. p(x*) and
0 € dFg p(x*), respectively, ie, X} , and Xg , are critical points.

4. Extensions

In this section, we discuss some related algorithms for solv-
ing problem (3), show a link between the smoothing strategy
with other methods, and simply extend the infimal convolution
smoothing method to construct a non-convex penalty function.

4.1. Related algorithms

Here, we discuss some related algorithms. First, we look at
the Moreau envelope. From the definition of hg, we can find
that the Moreau’s proximal h'l‘q’[(Ax—y) is a special case of the
infimal convolution function hg ,(AXx —y) under the condition of
p=2 and B'B is the scale identity matrix %IM. Then, by using
Propositions 1-3, we can obtain three important properties of the
Moreau’s proximal operator, which can also be find in [41-43].

Let h: RM — R|J{oo} be a closed proper convex function and
let A e RM*N be a given matrix. For any x e RN, y e RM and 8 >0,
the following results hold:

2
(1) hYf (%) = h(proxg, (X)) + 5 | proxg, (x) —x||;
(2) h% (Ax —y) is continuously differentiable and its gradient

is Lipschitz continuous with constant ||A||§//3. The gradient of
h’/‘g/l (AX —y) is given by

Vhy (Ax —y) = %AT(Ax—y— proxgp (AX —y)) (59)
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2 1 :

|

—— YALLI1(¢y) ]
- ]lEA,,:z-APG(fl )
—e— /. ,15-APG(l) .
— — -LqLA-ADMM(4 5)
—W - hp,yo-mAPG(45)
- - gs.[):l,»’)'LqLA([()S)

Successful Rate

0 10 20 30 40 50 60 70
Sparsity K
(a)

1‘

—_YALLL(h)
09 — hB_p:Q-APG([l)
—o— . )-15-APG(6)
0.8 — — - LqLA-ADMM(4,5) ||
, 0.7 —W - hpyo-mAPG({5) ||
% ) —& L., 15-LqLA((y5)
&~ 0.6
£ 05
175}
[}
§ 0.4
“ 03
0.2
0.1
0 v
0 10 20 3 40 50 60 70

Sparsity K
(b)

Fig. 6. Recovery performance versus sparsity for the compared methods: (a) Gaussian mixture noise, (b) Cauchy distribution noise.

(3) Suppose that the subgradients of h over RM are bounded by
Ly, then

BLy _
h(Ax —y) — == <hg (Ax —y) < h(Ax —y)

(60)

Second, for the non-smooth optimization problem (3), one
common alternative is to transform the non-differentiable problem
into a smooth counterpart, for example, the Nesterovs smoothing-
based method [41,44]. Another commonly used method is the
decomposition based algorithm [45] or alternating minimization
(AM) method [46], which introduce an auxiliary vector u in
(3) and consider the following optimization problem

. B

min { lufly + 5 o~ Ax + y5+g(%) (61)
In Ref. [47] and [48], the authors have shown that there is a close
relationship between the Moreau’s proximal smoothing model and
the decomposition model. Indeed, by fixing x and minimizing the

objective function of (61) with respect to u, we can obtain

- B
min {IIth + 5 Ju— Ax+y[l3 +gx)

=min {h}}; (Ax —y) +g(x)} (62)
Here, we can also find a connection between the proposed infimal
convolution smoothing technique and the AM algorithm. The infi-
mal convolution smoothing technique can be thought as a develop-
ment of the AM with a more flexible punishment of AX +y = z:
. 1

min {0 = lull, + 5 1Bu - Ax-+y) [+ | (63)
Comparing (63) with (61), the infimal convolution smoothing is
equal to the AM algorithm if we choose BTB=pI and p = 2.

From the convergence analysis in Section 3, we can find that
the recovery performance is significantly dependent on the choice
of the scale matrix B and the parameter p. With b, — oo, (63) is



60 Y. Sun, L. Lei and X. Li et al./Neurocomputing 371 (2020) 51-66
0.4 0.4 0.4
0.2 } 021 T I 0.2
OIT?O T Tﬁ NI L] Ll OTT?O T TTT
1] l

| —— LqLA-ADMM -0.2 p= 1.5, fixed e ———p =25, fixed ¢
o True signal True signal o True signal
-0.4 — : : : : -0.4 — : : : : : : : : :
100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
(a) (b) ()
0.4 0.4 0.4
02r T 0.2 ]v 0.2 T
MK Ll NEIE ]) Ll ollee T Ll
LRI SENERENIE AENEREIEE
0.2 p = 2, adaptive 0.2 p = 1.5, adaptive ¢ 0.2 p = 2.5, adaptive e
’ o True signal ' o True signal ' o True signal
l l ’ l ’
-0.4 - - - - -0.4 - - - -0.4 - - - -
100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500
(d) (e) ()

Fig. 7. Recovery performance of the compared methods under Gaussian mixture noise: (a) LqQLA-ADMM, Rel.Err =4.37%, (b) ¢, ,_15-LqLA with fixed &, RelErr =1.74%,
(€) € p-25-LqLA with fixed e, Rel.Err =4.41%, (d) ¢, ,->-LqLA with adaptive &, Rel.Err =0.82%, (e) ¢¢ p—15-LqLA with adaptive &, RelErr =0.79% and (f) ¢, p—»5-LqLA with

adaptive &, Rel.Err =0.91%.
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Fig. 8. Reconstruction errors X — x* of the LgLA-ADMM, ¢, ,_;5-LqLA with fixed & and ¢, ,_1 5s-LqLA with adaptive e.

equivalent to the constrained problem (4). However, with a very
large B, the algorithm would be very slow and impractical. Specifi-
cally, we can use a self-adjustment strategy for b,;; with a properly
small starting value and gradually increase it until reaching the
target value based on the convergence speed. A simple strategy
is that we compare ‘[Ax"—y]m/[Ax"*l —y]m ’ with a constant
y €(0, 1) after the x updating: if its value is bigger than y,
then bl = min {brarger, bk,/y }. else bl = bf,. For the choice of
matrix € of £gp-norm smoothing algorithm, we have a similar
self-adjustment strategy as B. This adjustment strategy based
on the convergence speed leads to some improvements in our
experiment as shown in Section 5.

4.2. Extend to construct non-convex penalty function

Inspired by the generalized MCP in [17] and the integral con-
volution based penalty function in [49], we can construct a new

penalty function that may improve the sparsity

g8.p(X) = |||} — hg,p(X) (64)

or gg p(Dx) = ||Dx||; — hg ,(Dx) when DX is sparse.

Fig. 4 plots the scalar g(x) with different parameters and
Fig. 5 shows the contours of various regularizations. From
Figs. 4 and 5, we can find that the g(x) approaches the ¢3-norm
closer than the normal ¢;-norm ||x||;, hence promoting sparsity.

By using this infimal convolution based penalty function, the
sparse recovery problem (2) turns into

minF(X) = f(X) + [X[l; — hg,p(X) (65)
If f{x) is convex or L7f||x||§ — f(x) is convex, we can use the DCA
[50] or the proximal DCA (PDCA) [51] to solve this minimization
problem. The DCA solves (65) by decomposing the objective
function as the difference of f(x)+ [[x||; and hg,(x). Then the
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Fig. 9. Recovery performance of the compared methods under Cauchy distribution noise: (a) LQLA-ADMM, Rel.Err =2.62%, (b) hg ,—>-mAPG with fixed B, Rel.Err =2.38%,
(c) hp p—25-mAPG with fixed B, Rel.Err =2.45%, (d) hg ,_,-mAPG with adaptive B, Rel.Err =1.58%, (e) hp ,—»5-mAPG with adaptive B, Rel.Err =2.29% and (f) hg ,_3-mAPG with
adaptive B, Rel.Err =2.37%.
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subproblem of the corresponding DCA takes the following form:
X1 = argmin { f(x) + [1X[l; — (hp,p(x") + (hp,p (x*). x — x¥))}
(66)

where athp(x") can be calculated by using (29).

Another DC decomposition of (65) is the difference of
L L
S5+ Ixll; and L|x||3 - f(x) +hpp(x), and the corre-
sponding DCA subproblem is

wh e Sl - 1) )

(67)
41 = argmin { Ixll; + L2f||x—wk/Lf||§}

As it can be solved by using the proximal operator (44), this
method can also be called as PDCA. Since the infimal convolution

250

300 350 400 450 500

hg p—2-mAPG with fixed B and hg ,_,-mAPG with adaptive B.

based penalty |[x||; —hgp(X) can approximate the original £o-
norm better and the corresponding solution process is also simple,
we believe that this new penalty function is expected to have
potential value on other sparse reconstruction problems, which is
also our next work.

5. Numerical experiments

In this section, simulations are performed to demonstrate
the proposed conclusions and evaluate the performance of the
proposed smoothing based APG and mAPG algorithms. We call the
Lep-norm and the infimal convolution smoothing approximation
methods as the ¢p-APG (mAPG) and hg ,-APG (MAPG) for short,
respectively. All experiments are performed in MATLAB 2015b
running on ASUS laptop with Intel(R) Core(TM) i7-8550U CPU, 8
GB of RAM and 64 bit Windows 10 operating system.
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Fig. 11. Recovery performance of the compared methods with ¢;_,-norm penalty under Gaussian mixture noise: (a) hg p_25-mAPG, Rel.Err=3.9%, (b) ¢; p—>5-mAPG, Rel.Err
=5.6% and (c) errors comparison.
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Fig. 12. Recovery performance the compared methods on different images under Gaussian mixture noise: (a) the first row corresponds to Shepp-Logan, (b) the second row
corresponds to FORBILD head and (c) the third row corresponds to MRI image.

In our experiments, we consider two types of impulsive noise. distribution noise, which is a special case of both the stable
(1) Gaussian mixture noise, which is a two-component Gaussian distribution and the t-distribution. The characteristic function
mixture model with probability density function given by of Cauchy distribution with scale y and location § is given by

t) = exp (jét — |yt|). Then we measure the different Cauchy
n:nN(O, 02) +a- 17)/\/(0, /«72) (68) gi(st)ribution( noiselrev|e)ls with the scale parameter y. We test two
The first term of this model is the Gaussian thermal noise, which types of matrices A: the random Gaussian matrix with i.i.d. stan-
stands for the normal background noise, while the second one dard Gaussian entries and being normalized that each column has
stands for the impulsive behavior of the noise. The ratio and unit norm, and the random partial DCT matrix which is formed by
strength of the outliers in the noise are controlled by the param- randomly selecting rows from the full DCT matrix.

eters n€(0, 1) and « > 1, respectively. We use the signal-to-noise We apply two methods in comparison with the proposed
ratio (SNR) as SNR=20log1o (| A% — E{A&} /||, ) to quantify the ~algorithm: the ¢;-norm loss and ¢;-norm penalty based YALLI
strength of noise, where X denotes the true signal. (2) Cauchy  as in [24] by using the alternating direction algorithm, and the



Y. Sun, L. Lei and X. Li et al./Neurocomputing 371 (2020) 51-66 63

Original phantom PSRN=35.64 dB

(a.0) Shepp-Logan (a.1) YALL1

Original phantom PSRN=25.04 dB

(b.0) FORBILD head (b.1) YALL1

PSRN=25.62 dB

Original image

(c.1) YALL1

(c.0) MRI

PSRN=36.01 dB

(a2) hB'p:Q-APG

PSRN=27.84 dB

(b?) hBAng—APG

PSRN=25.98 dB

((3.2) hB‘ng—APG

PSRN=40.54 dB PSRN=42.31 dB

(a.3) LqLA-ADMM(q = 0.5) (a.4) Lep-15-LaLA

PSRN=32.69 dB PSRN= 34.27 dB

(b.3) LqLA-ADMM(q = 0.5) (b.4) £-p=15-LgLA

PSRN= 26.50 dB PSRN=26.61 dB

(c.3) LqLA-ADMM(¢ = 0.5) (c4) L p-15-LqLA

Fig. 13. Recovery performance the compared methods on different images under Cauchy distribution noise: (a) the first row corresponds to Shepp-Logan, (b) the second

row corresponds to FORBILD head, (c) the third row corresponds to MRI image.

LqLA-ADMM as in [30] by using the ¢g-norm penalty and the
smooth strategy on the ¢;-loss function. We select three penalty
functions: (1) ¢;-norm penalty, g(X)=A|X||;; (2) ¢p5-norm
penalty, g(x) = A[[x|[}/3; (3) €12 penalty, g(x) = A(|x]l; — @[x]),)
with o=1. We also apply the ¢g,-norm smoothing strategy for
LqLA-ADMM to replace the original ‘¢;.’ smoothing strategy,
which is a special case of £¢, with ¢ = ¢l and p = 2. We can find
that the ¢¢p also meets the convergence condition of [30], and we
denote this ¢, smoothing LqLA-ADMM as £ »-LqLA for short. The
initial value for all the methods is an approximated solution of the
¢1 minimization using ADMM after N iterations. The max iteration

for all these methods is 5N, and the stopping condition is set to
x4

for the matrix € and B as ¢y,  |[AX —y],,| and by o« 1/[[AX — y], ],
respectively. This can be illustrated by Fig. 2, when the amplitude
of [AX —y],, is very large, which means that y, may be contam-
inated by the impulsive noise, then we need to reduce the value
of by to reduce the impact of noise. The weighting parameter A
is selected to balance the regularization and data fitting. On the
one hand, A should be big enough to weaken the influence of
fitting the corrupted data. On the other hand, if A is too big, the
reconstruction is mostly over regularized. We vary the regulariza-
tion parameter A from 10~ to 10 (with 30 logarithmically equally
spaced) for each method and noise condition, and then select the
best one as the result.

In the first study, we look at the success rates with 100 random
instances under different noise conditions: Gaussian mixture noise

be < 107°. Meanwhile, we initialize the parameters

with 7 =0.9, k¥ =10?, SNR=30dB and Cauchy distribution noise
with y=10*4. For the original K-sparse vector X, we generate
it with random index set and draw non-zero elements with stan-
dard normal distribution. We set the size of random Gaussian ma-
trix A as 100 x 256, and consider a recovery x* as successful if the
relative error of recovery (Rel.Err) satisfies ||x* — ||, /|||, <107
Fig. 6 shows the success rates of the comparing methods for both
Gaussian mixture noise and Cauchy distribution noise. From Fig. 6,
we can find that the ¢¢,-APG and hg ,-APG outperform the YALL1
under ¢;-norm penalty, and the hg ,-mAPG and {¢p-LgLA outper-
form the LqLA-ADMM under ¢ps-norm penalty. Meanwhile, by
comparing recovery performance of ¢; and ¢gs-norm penalties, we
can find that the non-convex ¢y 5-norm penalty function bring bet-
ter performance than the convex ¢;-norm penalty function. This is
mainly due to that the non-convex penalties can approximate the
£o-norm more closely than the convex ¢;-norm.

In the second study, we focus on the recovery quantities of
these methods. We set the size of random Gaussian matrix A as
100 x 512 and the sparsity of vector X is K = 30. Fig. 7 presents
the recovery signals of different methods with ¢ys-norm penalty
under Gaussian mixture noise with n =0.9, x = 103, SNR=20 dB.
Fig. 8 presents the reconstruction errors X —x* of the LqLA-
ADMM, ¢, ,_1 5-LqLA with fixed € and ¢, ,_; 5-LqLA with adaptive
e. Fig. 9 presents the recovery signals of different methods
with ¢ps-norm penalty under Cauchy distribution noise with
y=5x 10~%. Fig. 10 presents the reconstruction errors X —X* of
the LqLA-ADMM, hg ,_,-mAPG with fixed B and hg ,_,-mAPG
with adaptive B. From Figs. 7 to 10, it is clear that all these
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compared methods work well on these impulsive noise conditions
and can obtain nice reconstructions with a few minor mistakes,
which once again demonstrates the effectiveness of the proposed
smoothing strategies based reconstruction algorithm. Meanwhile,
we can also find that the smoothing strategies based mAPG can
obtain a better reconstruction, and when the smoothing scale
p becomes larger (from 1.5 to 2.5), the recovery performance
decreases. Moreover, the smoothing ¢, and hg, based methods
with adaptive matrix & and B can gain better reconstructions than
fixed € and B, respectively.

Fig. 11 (a) and (b) shows the reconstructions of hg ,_, 5-mAPG
and ¢, p_p5-mAPG with ¢;_p-norm penalty under Gaussian mix-
ture noise with n = 0.9, ¥ = 10°, SNR=20dB. Fig. 11 (c) shows the
errors comparison. The Rel.Err of hg ,_, 5-mAPG and ¢, ,_ 5-mAPG
are 3.9% and 5.6%, respectively. It can be observed that the hg,
smoothing strategy is better than the ¢, smoothing strategy with
the same smoothing scale p = 2.5.

Finally, we evaluate the performance of the methods on image
reconstruction. We test three images, the Shepp-Logan phantom,
the 2D FORBILD head phantom [52], and an MRI image. Each image
has a size 256 x 256 (N = 65, 536). We take M = round(0.4N) mea-
surements, and employ a random partial DCT matrix as the sensing
matrix A. We use the Haar wavelets as the sparsity representation
basis and consider two noise conditions, the Gaussian mixture
noise with 1 =0.9, ¥ =103, SNR=20dB and Cauchy distribution
noise with y=10‘4. The quality of reconstructed image is mea-
sured by the peak signal to noise ratio (PSNR) refer to the original
phantom. Figs. 12 and 13 show the original truth images and re-
constructions of the compared YALL1 and hg ,_,-APG with ¢;-norm
penalty, LqLA-ADMM and ¢, ,_15-LqLA with £gs-norm penalty
under Gaussian mixture noise and Cauchy distribution noise,
respectively. It can be found that the smoothing strategies also
work well on image reconstruction under these noise conditions.
Here, we observe that the magnitudes of improvement by both the
smoothing strategies and the nonconvex penalty are weakened as
the sparsity increases from simple Shepp-Logan phantom to com-
plicated FORBILD head phantom and then to the real MRI image.

6. Conclusion

In this paper, we mainly considered the ¢;-norm loss function
for the residual error to deal with the sparse recovery problem
under the impulsive noise condition. To solve the non-smooth
problem, we proposed two smoothing strategies to transform the
¢1-norm loss function into a smooth counterpart with Lipschitz
continuous gradient, and then adopted the APG and mAPG frame-
works for the convex and non-convex regularization functions,
respectively. We proved the convergence of the proposed algorithm
by the theoretical proof and demonstrated its effectiveness by the
numerical experiments, respectively. Moreover, the proposed al-
gorithm is flexible and can be extended to more general recovery
regularizers, such as wavelets basis, total variation and sparse
dictionary, and can be expended to practical image reconstruction,
such as CT and MRI. We believe that the proposed reconstruction
algorithm is expected to have potential practical merits.
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Appendix A. Proof of Proposition 2

Proof. The right-side inequality of (15) is obvious. By using (14),
we have

o (Ax —y) = min fhw + 3 [Bw - Ax-+y)l2)}
1
< [hw + sIB@-Axey1g] (A1)
= h(Ax-y)

For the opposite inequality, we can use the subgradient inequality
for h to obtain that for every z € RM,

. 1
hs.»(2) ~ h(z) = min {hw) - h(@) + 5 |Bu - )]}

1
> min { (1 (z),u—2z)+ §||B(u—2)ll§}

%Hu —z|?+({H(@).u —z)}
B

v
2,
=}

v
i
=5
T —_——-,— ——

2Hu—ZM—LNu—Hb}
1—p/2\7,
2—3—(43) )"

Substitute z = Ax —y in (A.2), we can obtain the left-side inequal-
ity of (15). This completes the proof. O

(A2)

Appendix B. Proof of Proposition 3

Proof. By using (29), the gradient of hg ,(AX —y) is
dhg p(AX —y); = ) Apilm (B.1)
m

Then we have the Hessian Matrix of hg ,(AX —y) is given by
Vth,p(Ax —¥)ij

9%hg p(AX —Y) OV
- 3Xi8Xj - ;amiaixj
= gd%l (Z Amib2, Wi + (p — 2)
m

y > Amibp Wi [AX — y — @], 3" ay;bfwi [AX —y — ﬁ]k)
IB(ii - Ax +y) |3

(B.2)

where wp, =0 if a!" #0 and wy =1 if dn = 0. The last equation
comes from that g—i;f = ay;j if iy # 0. Then, we have
Pi5-1ATBBA, 1<p<2
V2hg p(AX - y) < (B.3)
p(pz_ 1)d%_1ATBTBA, p=> 2

Substitute (26) into d = ||B({i — AX +y)||3. then we can obtain

2
2 p 4d?-»
d<Y b2 al—:) <Y = (B4)
Xm: '“(pb?n 2 p*b7,

m
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We have an upper bound for d

1 1

4 \"T 4M T
d= ( —) < (—) (B.5)
; pzbgn pzbfnin
If we choose p>2 and substitute (B.5) into (B.3), we have
. =
Vhg y(AX —y) < (p - 1)(2)“ M\ " prprpa (B.6)
2 bmin

This means that the gradient Vhg ,(AX —y) is ,o||BA||§—Lipschitz
2

1 =
continuous with p = (p—1)(§) 7 (bﬂ> "' This completes the

min

proof. O

Appendix C. Proof of Remark 2

Proof. Let o« = |BA||3, we first prove that (a/2)|x[3—
hg 2 (AX —y) is convex. Rewrite (a/2 )||x||§ — hg(Ax —y) as

o
3 [1X]|3 — hp.2(AX —y)

o 2 . 1 2
S I3 = min fhw + 5 B - Ax+y) 3]

o 2 1 2
max { 5 XI5 ~ h(w) - B - Ax+y)][}

N —

1
= 5x' (a1 - ATB'BA)x
+ m%I)W({(y+u)TBTBAx— %||B(u+y)||§ - h(u)} (c1)
ue

The last term is affine in X, and it is convex as it is the pointwise
maximum of a set of convex functions. The first term is also con-
vex when o = ||BA||%. Hence, (o/2 )||x||§ — hg(AX —y) is convex.
Then, we use the Theorem 18.15 in [35], that is if f e FO(RM),
f is Frchet differential and Vf is B-Lipschitz continuous if and
only if (8/2)|-3—f is convex. Here, let he I'o(RM) and be

coercive, then hg 5 (AX —y) € I'o(RM) by using Proposition 1. Then,
it follows that Vhg;(Ax —y) is ||BA||%—Lipschitz continuous. [
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