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In this paper, a s-difference type regularization for sparse recovery problem is proposed, which is the dif-
ference of the penalty function R(X) and its corresponding s-truncated function R(x®). First, we show the
equivalent conditions between the ¢, constrained problem and the unconstrained s-difference penalty
regularized problem. Next, we choose the forward-backward splitting (FBS) method to approximately

solve the non-convex regularization function and further derive some closed-form solutions for the prox-
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imal mapping of the s-difference regularization with some commonly used R(x), which makes the FBS
easy and fast. We also show that any cluster point of the sequence generated by the proposed algo-
rithm converges to a stationary point. Numerical experiments demonstrate the efficiency of the proposed
s-difference regularization in comparison with some other existing penalty functions.
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1. Introduction
1.1. Background

In recent years, sparse optimization problems have drawn lots
of attentions in many applications such as compressive sensing
(CS), machine learning, image processing and medical imaging. Sig-
nal and image processing problems are usually expressed as

AX)+n=b (1)

where A is the linear or non-linear operator, b is the observation
data, and n represents the observation noise or error. Since prob-
lem (1) is often ill-posed and the error n is unknown, solving (1) is
difficult. To overcome this ill-posed problem, we need to make
some constraints to narrow the solution space, such as the prior
sparsity of the signals. Then the problem can be formulated as

min ¢ (x) + P(x) (2)

where the loss function ¢(x) is the data fidelity term related to
(1). For example, the least-square (LS) loss function ||A(x) —b||%
or the least-absolute (LA) loss function [|A(X) —bl|;; P(x) is the
Regularization function to penalize the sparsity of X. Intuitively,
P(x) should be selected as the ¢g-norm ||x||g, which represents
the number of nonzero elements in x. However, minimizing the
¢o-norm is equivalent to finding the sparsest solution, which is
known to be an NP-hard problem. A favorite and popular approach
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is using the ¢;-norm convex approximation, i.e., using ||x||; to re-
place the ¢ [1]. This ¢; model has been widely used in many dif-
ferent applications, such as radar systems [2,3], communications
[4], computed tomography (CT) [5] and magnetic resonant imag-
ing (MRI) [6]. It has been proved that the s-sparse signal x can be
recovered by ¢; model under some assumptions of the operator A,
such as the restricted isometry property (RIP) of A when the op-
erator is a sensing matrix [1]. However, the ¢;-norm regularization
tends to underestimate high-amplitude components of x as it pe-
nalizes the amplitude uniformly, unlike the ¢y-norm in which all
nonzero entries have equal contributions. This may lead to recon-
struction failures with the least measurements [7,8], and bring un-
desirable blocky images [9,10]. It is quite well-known that when
it promotes sparsity, the ¢;-norm does not provide a performance
close to that of the ¢3-norm, and lots of theoretical and experimen-
tal results in CS and low-rank matrix recovery suggest that better
approximations of the ¢3-norm and matrix rank give rise to better
performances.

Recently, researchers begin to investigate various non-convex
regularizations to replace the ¢;-norm regularization and gain
some better reconstructions. In particular, the ¢p(quasi)-norm with
pe(0, 1) [11-16], can be regarded as a interpolation between
the ¢p and ¢, and a continuation strategy to approximate the
¢g as p— 0. The optimization strategies include half thresholding
[14,17-20] and iterative reweighting [11,12,15]. Other non-convex
regularizations and algorithms have also been designed to out-
perform ¢;-norm regularization and seek better reconstructions:
capped ¢;-norm [21-23], transformed ¢;-norm [24-26], sorted ¢4-
norm [27,28], the difference of the ¢; and ¢,-norms (¢;_5) [29-31],
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the log-sum penalty (LSP) [8], smoothly clipped absolute deviation
(SCAD) [32,33], minimax-concave penalty (MCP) [34-36].

On the other hand, there are some approaches which do not
approximate the ¢g-norm, such as the single best replacement
(SBR) algorithm [73] and iterative hard thresholding (IHT) algo-
rithm [37,38], which operate directly on the ¢¢ regularized cost
function or the s-sparse constrained optimization problem. More-
over, there are some acceleration methods for the IHT: accelerated
IHT (AIHT) [39], proximal IHT (PIHT) [40], extrapolated proximal
IHT (EPIHT) [41] and accelerated proximal IHT [42]. Meanwshile,
some researchers transform the ¢y;-norm problem into an equiv-
alent difference of two convex functions, and then use the differ-
ence of convex algorithm (DCA) and the proximal gradient tech-
nique to solve the subproblem [43,44].

To address these non-convex regularization problems, many it-
erative algorithms are investigated by researchers, such as the DCA
[45-48] (or Convex-ConCave Procedure (CCCP) [49], or the Multi-
Stage (MS) convex relaxation [22]), and its accelerate versions:
Boosted Difference of Convex function Algorithms (BDCA) [50] and
proximal Difference-of-Convex Algorithm with extrapolation (pD-
CAe) [51], the alternating direction method of multipliers (ADMM)
[52], split Bregman iteration (SBI) [53], General Iterative Shrinkage
and Thresholding (GIST) [54], nonmonotone accelerated proximal
gradient (nmAPG) [55], which is an extension of the accelerated
proximal gradient (APG) [56].

1.2. Contributions

In many applications, the non-convex ¢p-norm based regular-
ization has its advantages over the convex ¢;-norm, such as image
restoration [41,53,57,58], bioluminescence [59], CT [9,10], MRI re-
construction [60,61]. Thus, in this paper, we are interested in the
following ¢y constrained problem

mxinqﬁ(x) subject to ||X]|y <s (3)

where se{1, 2,..., N}. This s-sparse problem tries to find the so-
lution minimizing ¢(x) under the constraint that the number of
non-zero coefficients below a certain value.

This paper can be viewed as a natural complement and exten-
sion of Gotoh et al. framework [43]. First, we rewrite the ¢¢ con-
strained problem (3) as difference of two functions, one of which is
the convex or non-convex function R(x) and the other is the corre-
sponding s-truncated function R(x%), where x5 is the best s term
approximation to X. Then, we consider the unconstrained mini-
mization problem by using this s-difference R(x) — R(x%) type reg-
ularization. Second, we propose fast approaches to deal with this
non-convex regularization function, which are based on a proxi-
mal operator corresponding to R(x) — R(x®). Moreover, we derive
some cheap closed-form solutions for the proximal mapping of
R(x) — R(x®) with some commonly used R(x), such as ||x]|1, ||X]l2,
IIX]|; — al|x||2, LSP, MCP and so on. Third, we prove the conver-
gence performance of the proposed algorithm, and show that any
cluster point of the sequence generated by the proposed algo-
rithm converges to a stationary point. We also show a link be-
tween the proposed algorithm with some related regularizations
and algorithms. Finally, we evaluate the effectiveness of the pro-
posed algorithm via numerical experiments. The reconstruction re-
sults demonstrate that the proposed s-difference penalty function
with closed-form solutions is more accurate than the ¢;-norm and
other non-convex regularization based methods, and faster than
the DCA based algorithms.

1.3. Outline and notation

The rest of this paper is structured as follows. In section II,
we define the s-difference regularization. In section III, we propose

the reconstruction algorithm by using the proximal operator with
closed-form solutions. In section IV, we provide some theorems to
demonstrate the convergence of the proposed algorithm. In section
V, we discuss some related algorithms and extend the proposed
regularization to rank-constrained problem. Section VI presents the
numerical results. In the end, we provide our conclusion in section
VIL

Here, we define our notation. For a vector X e RN, it can
be written as X = (xq,X3, ..., Xy), and its €p-norm is defined as

Ixllp =, |xn|p)1/P. Especially, the ¢.-norm of x is defined as
max y|Xs|. Given a matrix A e RM*N, the transpose of A is denoted
by AT, the maximum eigenvalue of ATA is defined as ||A[|3. Some
of the arguments in this paper use sub-vectors. The letters I', A
denote sets of indices that enumerate the elements in the vector
X. By using this sets as subscripts, X represents the vector that
setting all elements of x to zero except those in the set I'. The it-
eration count is given in square bracket, e.g., x/¥l. (., .) denotes
the inner product, sign(-) represents the sign of a quantity with
sign(0) € [-1,1]. We also use the notation R, = {x e R:x > 0},
and if the function f is defined as the composition f(x) = h(g(x)),
we write f =hog.

Given a proper closed function h : R" — R U {oo}, the subgradi-
ent of h at x is given by

dh(x) ={veR": h(u) —hx) - (v,u—-x) >0,Vu e R"} (4)

In addition, if h(x) is continuously differentiable, then the subdif-
ferential reduces to the gradient of h(x) denoted by Vh(x).

2. Penalty representation for s-sparse problem

In Gotoh et al. work of [43], they expressed the ¢y-norm con-
straint as a difference of convex (DC) function:

[X[lo = s < lIx[l; = [I[x[ll; =0 (3)

where se{1, 2,..., N} and |||x|||s, which named top-(s, 1) norm, de-
notes the sum of top-s elements in absolute value. This notation is
also known as the largest-s norm (or called CVaR norm in [62,63]).
Precisely,

11y = [xa| + Xz |+ + X (6)

where x, ;) denotes the element whose absolute value is the i-
th largest among the N elements of vector x € RV, ie., Xz, ()] =
Xz, 2)l = -+ = |Xz, vy |. For convenience of description, we define
the set T = {mmx(1), mx(2), ..., x(s)}, then we have T'} c T2 c
...cT'N. By using -\- as the set difference, we have T'N\I'§ =
{x(s+ 1), mx(s +2),..., mx(N)}.

We define x5 as the best s term approximation to X, that is, any
s-sparse vectors that minimize ||x —x%||,. By using the definition
of X, (i), we have

s x;, if iely
X: =

! {O, if ieTN\[}
Then R(x®) can be named as a s-truncated function. In this work,
we consider a more general s-difference function R(x) — R(x®) in-
stead of ||x||; to replace the ¢p-norm constraint, where R(X) can
be convex or non-convex, separable or non-separable. Let P(X) =
R(x) — R(x%), se{1, 2,..., N}. We defined a class of penalty func-
tions P,R: RN — R, as follows (without loss of generality, func-
tions P(x) and R(x) mentioned throughout this paper all satisfy
Property 1 when there is no additional illustration).

(7)

Properties 1. The penalty functions P,R:RN — R, satisfy the fol-
lowing properties.

(a) R(x) =R(-x)
(b) Ixllo <s <+ P(x) =0
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Table 1
Functions that satisfies Property 1.
Function type R(X) Py(x) Py(x)
Convex, Separable [1x]11 1|14 [1x5 14
l1x[13 lIx113 X113
Convex, Non-separable [1x]I2 [1x]]2 1=,
Ix15/26), ||, <6
R(X) = ,0>0 R(x) R(x®
o0 {nxnz ~02. Ixly =0 ( o
Non-convex, Separable R(x) = YN, ri(x)
ri(x;) = log(1 + |x;|/6),6 > 0 Ixll1/6 + (lIx*[l1/6 =Rx*))  [Ix*[l1/6 + (||x]l;/6 — R(X))
R(X) = XL, 1i(%)
oy Xl =x2/20),  xil <6 S R(xS s _
n(x»—{ o Xioe 0=0 I+l —Roe) Il + (Il ~ Rex))
Non-convex, Non-separable Ix]l; —alix|l;.0 <a<1 Ixll; +allx*|l, %11y + alixlly
log (1 +|x]1,/6).6 > 0 IxI12/6 + (I1X°112/0 = Rx*))  [IX°115/0 + (1X]l,/6 — R(x))
Ixll, = Ix15/26),  IIxll, <6 SI.  R(xS s _
{ 6 b Se 070 Il (Il ~Ree) I, + (Il — Rx)

(c) P(x) is a continuous function which can be decomposed into
the difference of two convex (DC) functions, that is, P(X) =
Py (x) — P,(x), where P1(x) and P,(x) are convex functions.

It should be noted that although P(x) is defined as P(x) =
R(x) — R(x®) and it can also be decomposed into DC functions as
P(x) = P;(x) — ,(x), but P;(x) and P,(x) are not always equiva-
lent to R(x) and R(x%), respectively. They are two different expres-
sion forms of the same P(x). In fact, for the convex R(x), we can
set P;(x) =R(X) and P,(x) = R(x%) to satisfy the DC decomposi-
tion of P(x), which is a special case in the infinite many DC de-
compositions of P(X); however, for the non-convex R(X), the P;(X)
can never be equal to R(x). This can also be shown in the proof of
Proposition 1 and Table 1.

Proposition 1. The penalty functions listed on Table 1 all satisfy
Property 1.

See appendix A for the Proof of Proposition 1.

Remark 1. For the separable R(x) = Z?’:] r(x;), and r(x) is contin-
uous, symmetrical and strictly increasing on R, if r(x) is con-
vex, then R(x) satisfies Property 1; if r(x) is non-convex, since
it can be written as the difference of two convex functions as
r(x) = h(x) — g(x), then R(x) also satisfies Property 1.

It is easy to see that the penalty function in Ref [43]. is a special
case of R(x)=|x]|;.

With the Property 1(b), we consider the following uncon-
strained minimization problem associated with (3):

min {F(x) = ¢(x) + pP(X)} (8)
XeRN
where p >0 is the penalty parameter. We make the following as-

sumptions on the above formulation throughout this paper, which
are usually used in image processing and many CS fields.

Assumption 1. ¢(x) is continuously differentiable with Lipschitz
continuous gradient, i.e., there exists L > 0 such that

IVox) = VoW ll, <Lx—yl,. Vx.y e RV

Assumption 2. F(x) is bounded from below.

(9)

From (8), we can find that the difference between penalty P(x)
and other penalty functions, such as ¢4, £, £1_ and MCP, is that
there is no punishment in model (8) when the sparsity level of x
is under s. This is because that P(x) is equal to zero as ||X|[g <s.
Meanwhile, the selection of the regularization parameter p has an
important influence on the performance of the reconstruction. On
the one hand, p should be big enough to give a heavy cost for

constraint violation: ||X||p >s. On the other hand, if p is too big,
the reconstruction is mostly over regularized. In light of this, how
to choose an appropriate parameter is very difficult and some re-
searchers suggest using adaptive methods to select this parameter
during the iterations [74]. The next Theorem ensures that problem
(8) is equivalent to the original s-sparse constraint problem (3) as
we take the limit of p, which can be proved in a similar manner
to Theorem 17.1 in [71].

Theorem 1. Let {p} be an increasing sequence with lim;_, o, pr = co
and suppose that X; is an optimal solution of (8) with p = p;. Then,
any limit point X of {X;} is also optimal to (3).

See Appendix B for the proof.
In addition to Theorem 1, we have some stricter conclusions for
the parameter p under some assumptions of P(x) and ¢(x).

Proposition 2. If ¢(x) is Lipschitz continuous with constant 8 >0,
ie, [¢Xx) —dW |, < BlIx—yll,, Vx,y e RN, and X, is an optimal
solution of (8) with some p. Suppose that there exists a constant n > 0
such that R(X) — R(X+x° —x51) > n||x*1 —x¥||, for any x e RN.
Then if p > Bn, X, is also optimal to (3).

See Appendix C for the proof.

Remark 2. Suppose that ¢(x) is B-Lipschitz continuous and the
regularization is P(x) = ||x||; — ||x®||;. Then if p > B, any optimal
solution of (8) is also optimal to (3).

Remark 3. Suppose that ¢(x) is B-Lipschitz continuous. If we
choose R(x) as R(x) = [|x]|; —allx||;,0 <a <1, then any optimal

solution of (8) is also optimal to (3) when p > EerTeNGR This can
be proved by using that
2
xS+t _ xs ”
x|l — X+XS—XS+1 — H 2
Il - l2 = Ty + e =T
||XS+l -x ||2 (-10)
< - &
< NG

If we choose R(x)=6;[x[; — XN, log(1+ |x]/62).6;1 > 6, >0,
then the equivalent condition of p is p > 0]%0. Meanwhile, we
can obtain similar conclusions for the R(x) which are the differ-
ence of ||x||; and MCP (Eq. (A.3)), or SCAD (Eq. (A.4)) function.

The next proposition, which is similar to Theorem 3 in [43] but
with wider scope and stricter conclusion, shows another exact
penalty parameters o requirement for ¢(x) with Lipschitz contin-
uous gradient L.
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Proposition 3. If Assumption 1 is satisfied and X, is an optimal so-
lution of (8) with some p. Suppose that there exists a constant C>0
such that ||X, ||, <C for any p >0, and there exists a constant 1> 0
such that R(X) — R(X+X* —x**1) > n||x**1 —x%||, for any x e RV,
Then if p > %(||V¢>(0)I|2 +(1+ 2\/%ﬁ)LC), X, is also optimal to (3).

See Appendix D for the proof.

Remark 4. Suppose that ¢ (x) = %||Ax— b||% and ||X, ||, <C. If we
choose R(x) as R(x) = ||x[l;, R(X) = [x]l; —alx|l; (0<a<1) and
R(X) = 64 [|x[l; — XL log(1 + [xi|/63 ) (61 >6,>0), then any op-
timal solution of (8) is also optimal to (3) when p > ||ATb|, +

(1 + 577 IAISC o > |ATbIl, + (1+ 5725 [IAlI30) and

0> ﬁ(HATbHZ +(1+ )IA[30). respectively.

%q
T-a/25)

1
24/5+1
Remark 5. Similarly to Theorem 3 in [43] by replacing penalty
function ||x|l; — |||x||l; with ordinary function R(x) —R(x%), we
have the following conclusions without proof. If the con-
ditions in Proposition 3 are satisfied, and supposing that
¢(x) = 1XTQx +q"x, where Q= (g;;) e RNV is symmetric and
q=1(q) RN, then X, is also optimal to (3) when p >

104. . 193 ) .
miax 7 {lq;| + (]|Qe;ll, + zm)c}’ where e; denotes the unit vector

in the i-th coordinate direction.

3. Forward-backward splitting for the regularization of
difference of two functions

In this section, we use the FBS to approximately solve the un-
constrained minimization (8). Moreover, we derive closed-form so-
lutions for the proximal mapping of some special s-difference reg-
ularizations P(x), and this makes FBS more efficient.

3.1. Forward-backward splitting and proximal operator

Each iteration of forward-backward splitting applies the gradi-
ent descent of ¢(x) followed by a proximal operator. That is

X411 prox,p(x) — BV (x14)) an

where B8 >0 is the step size, and sometimes this type of FBS is
called the proximal gradient (PG) algorithm. The proximal operator
is defined as

2
prox;p(y) = arg )[(Ie]uingl w + P(x) (12)
with parameter A > 0.

The Eq. (11) can be broken up into a forward gradient step
using the function ¢(x), and a backward step using the function
pP(x). The proximal operator plays a central role in the analy-
sis and solution of optimization problems. For example, the soft
shrinkage operator, which is a proximal operator for ¢;-norm reg-
ularization, has been widely used in CS and rendered many effi-
cient ¢; algorithms. The proximal operator also has been success-
fully used with some non-convex regularizations, such as ¢,, SCAD,
LSP [64], and MCP [52,65]. Normally, the closed-form solution of
the proximal operator needs some special properties on P(x), such
as convexity or separability (e.g., the ¢;-norm, LSP, MCP, and other
various separable functions in [66]). Next, we will focus on the so-
lution of (12) with separable and non-separable s-difference P(x).

3.2. Closed-form solution of the proximal operator

Denote E(X) as

2
E(X) = w +P(X) (13)

and let x* be the optimal solution of (12), i.e., X* = prox;p(y), then
we have the following Proposition.

Proposition 4. Suppose that functions P(x) and R(X) satisfy
Property 1, and let x* be the optimal solution of (12). Then x* =0
if and only ify =0.

Proof. Necessary condition: note that E(x)> 0 for any X, and when
y =0, we have E(0) = 0. Thus if y = 0, the optimal solution is x* =
0. Sufficient condition: assume by contradiction that y # 0, then we
select an arbitrary non-zero dimension y; in y, and construct X e

N g _ 0. i#]
R asx,_{yj, iy

. Then we have
1 & 1<
£\ _ 2 2 _ S
E(x)—E(o)—ﬁZYi >ﬁ‘z'y,- =E(X) (14)
i=1 i=1,i#j
This contradicts the optimality of x*. Thus if x* =0, y must be
equal to zero. O

Proposition 5. Suppose that functions P(x) and R(X) satisfy
Property 1, and let x* be the optimal solution of (12). Then, for ie {1,
2,..., N}, if y; > 0, then we have x} > 0. If y; < 0, then we have x} < 0.

Proof. We prove it by establishing contradiction. If there exits any
xf <0 when y; >0, then we select an arbitrary one and we con-
J#

j—i~ We have

*

. N . X%,

struct X e R as ¥; = {J(}f.

~ 2 ~ 2 ~ 2

IX=ylly =Y (X —vi)" + & —-y)
J#

<35y + () = Ik -yl (15)
J#i

The inequality follows from that xf has the opposite sign as y;
and y; > 0. Since we have not changed the absolute value of X; and
R(x) = R(—x), then we have P(X) = P(x*). combining this and (15),
we have E(X) < E(x*). This contradicts the optimality of x* and
proves that x; > 0 when y; > 0. On the other hand, we can prove
that x < 0 when y; <0 by using a similar method. This completes
the proof. O

Next, we focus on the closed-form solutions of prox;p(y) with
different types of R(x).

Proposition 6. Suppose that functions P(x) and R(X) satisfy
Property 1, and R(X) is separable, i.e., R(X) = Z,Nﬂ r;(x;) and each r;
is strictly increasing on R,. Let x* be the optimal solution of (12).
Then we have

ifiely
ifiell ;," \I§

Yis

Xf = ’ (16)
ProXyr. (Yny (i))7

where T§ = {my (1), 7y (2). ..., my(s)} and my(j) is the index of the

J-th largest amplitude of y, i.e., |y, )| = V@) = -+ 2 [V, a0 l-
See Appendix E for the proof. From the proof we can find

that if each r; is convex, then x;‘:((l,\,Jr)u‘)R)’1 (y)); when

ie F{,"\Fl‘,, where Iy denotes the identity operator and the map-

ping (Iy +AdR)! is called the resolvent of the operator dR with
parameter A.

Remark 6. Note that xf=y; if ie{my(1), my(2),..., wy(s)} in
(16). Suppose that there exits one or more components of y;,
ig{my(1), my(2),..., wy(s)} having the same amplitude of y, (.

ie, |yrry(s—m)| == |yr[y(s)| == |y7'ry(5+j)|’ m=>0, j>1. Then
i+ cm+1 i m+1

there exit Cj+m+1 solutions of x* as there are CHn1+1 arrangements

of yrry(s—m)’ s ’yrry(s)~

Remark 7. If R(x) = ||x||;, i.e,, P(x) = ||x]||; — [Ix®||;, then the solu-
tion x* of (12) is
ifiely

e (17)
if i e TY\Ty

. Vi
" | shrink(y;, A),
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where shrink(y;, A) denotes the soft shrinkage operator given by
shrink(y;, A) = sign(y;) max {|y;| — A, 0} (18)

Remark 8. If R(x) = [x|13. i.e, P(x) = [|x]|3 — |x*||2, then the solu-
tion x* of (12) is

Vi ifiels
X = e (19)
yi/@r+1), ifie DY\Iy
Remark 9. If R(x) is the MCP (A3), that is ri(x;)=
{g;\zfxf/(zo), Ilfl‘fg (6 >0), then the solution x* of (12) is: un-

der the condition of 6>2, if ieT§ or |y|>0, then x;=y;
otherwise x = sign(y;) max{0(|y;| —A)/(60 —1),0}. When 6 <A,
if iel§ or |y;|>0, then xf =y;; otherwise xf =0. If R(x) is the
LSP (A.2), that is r;(x;) = log(1 + |x;|/6 ),6 > 0, then the solution
x* of (12) is: if i eIy, then xj =y;; otherwise x; = sign(y;)w;,
and  w; = argmin{; (4 — |yi)* + ¥ log(1 + Ix/0)}.
Q2 is a set composed of 3 elements or 1
(1yil = 6)* = 4(1 ~ 1yil6) = 0, then

Q2 = {0. max {£;, 0}, max {&,. 0}} (20)

where & = 1((Iyil = 0) + v/ (Iyil —6)* =40 — |yi16)) and & =
1((yil = 0) =/ (Iyil —6)* —4(A — |y;10)). Otherwise, 2 = {0}.

where

element. If

Proposition 6 gives the solution of the (12) under the conditions
of R(x) with separable and strictly increasing properties. In fact,
there are some other commonly used separable and non-convex
R(x), which also have the closed-form solutions similar as (16),
such as R(X) = ||x||§ with p =1/2,2/3 [14]. However, these R(X)
do not satisfy the Property 1(c), so they are not within the scope
of this article. Next, we consider two special non-separable cases
as the reference for other non-separable regularizations.

Proposition 7. If P(x) = R(x) — R(x’) with R(x) = ||X||,, then the
solution X* of (12) is that: when i € I'y,

(¥ +A>(\/||y—y5||§ + Iy’ ll, +2)° —A)
X = —y @)
191/ 1Y = Y913+ (el + )

when i e TY\T.

R I )

JIV =y B+ el + 1)

See Appendix F for the proof.

Vi (22)

Proposition 8. If P(x) = R(x) — R(x%) with R(x) = |x|l; — a|lx||,,
0 <a<1, then the solution x* of (12) is that:
(1) When |yny(5+1)| > A, foriels,

S|, — ai A
_ ”y ”2 a 1+ a Vi (23)

JIiz=z13+ (v ll, - any?

X¥ =
' ysll>

forie TY\T,

1+ ax
JIz=2 13+ 1yl - ar)?

where z; =y, 1) for i e I'y, and z; = shrink(y;, A) for i e F{,"\F;.
(2) When ryny(sﬂﬂ =Aifa=1,s=1, |yﬂy(1)| = A, and suppose
that there are k components of y; having the same amplitude of A, i.e.,

Z; (24)

*
X; =

Vrysinl == Vsl = A > Va, sk |- X* is an optimal solu-
tion of (12) if and only if it satisfies [Tx*||2 =X Xy >0, and x; =0
when i e {mmy(k+2),my(k+3),...,y(N)}. In this case, there are in-
finite many solutions, Eqs. (A.40) and (A.41) are two solution exam-
ples. When |yny(s+1)| = A, and any of these conditions ofa=1,s=1,
|yﬂy(1)| = A cannot be satisfied, the solution x* is

yi, iely
0, ie F{,"\F;
(3) When 0 < |yﬂy(s+1)| < A, the solution x* is the same as (25).

*
Xf =

(25)

We apply the similar proof framework in Ref [29]. for the fast
£1_, minimization. See Appendix G for the proof.

Remark 10. When a =0, then R(x) = ||x||; — a||x||, reduces to
R(x) = ||x||;, and the corresponding solution x* of (23,24,25) re-
duces to (17) as in Remark 7.

From the above Propositions 6-8 and Remarks 6-10, we can
find that we have x; <y; when ie I'J\Tj for all these R(x) =
I1xIl1, ||x||§, MCP, LSP, ||x||, and [|x]|; — a||x||,, which means that
it is a shrinkage operator for the bottom-(N —s) elements in ab-
solute value. However, when i € I'y, for the separable R(x) = [X||1,
|Ix||2, MCP and LSP, we have xf =y;; for the non-separable convex
R(X) = [|x||2, we have xf >y;; for the non-separable non-convex
R(x) = [Ix]l1 — al|x||2, we have x} < y;. Meanwhile, when A — oo, all
these optimal solutions of (12) with different regularizations P(x)
degenerate into the hard thresholding operator.

4. Convergence analysis

The purpose of this section is to demonstrate that the sequence
of {xI¥!} obtained from the FBS of (11) for the minimization prob-
lem (8) is convergent.

Theorem 2. Suppose that functions P(x) and R(X) satisfy Property 1.
If Assumption 1 and 2 are satisfied and B <1/L, let {x!X} be the se-
quence generated by the FBS of (11) for minimization problem (8), the
following statements hold.

(1) The sequence {x!K1} is bounded.
(2) limkarrOWOo||x[k+l] - X[k]||2 =0.
(3) Any accumulation point of {xI¥!} is a stationary point of F(x).

Proof.
(1) Rewrite (8) and consider the following inequality
F(x1k+17) — F(xI¥T)

= G 1) + pP( ) = ) = pP(x)

< (Vi (xIkl), xllrt] — xlkl) . L|xlier1] _ i ||§
+pP(xI411) — pP(xIK)

— PP ) = pP(x) x|

[[x1- (-pve () I3 1BVO )

+ 2B - 2B

e
LR

= P(E( ) — E()) + (5 — ) [oes1) x5
= (5= o) [ -
(26)

where the E(x) in the third equation is the expression
(13) with y replaced by xIX— Ve xKl) and set A=
Bp. The first inequality comes from Assumption 1, and
the second inequality is based on the fact that xk+11 is
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the optimal solution of the E(x). When S <1/L, we have
F(x!Ky < F(x[91) for all k> 0. Due to the level-boundedness of
F(x) (Assumption 2), then the sequence {x[¥!} is bounded.

Summing both sides of (26) from k = 0 to oo, we can obtain

—
N
~—

(35~ 5) 2 Ieeet =} < F0) - F(x) < oo
28 2 = 2

(27)
Since B <1]L, we can deduce that
limygproweo IXIKH1T —xIKl|, =0 from the above relation
obviously.

(3) Since the sequence {x!¥!} is bounded, there exists a subse-
quence of {(x[¥1}, denoted as {xI*/!}, converging to an accu-
mulation point x*. Considering that minimizer {x”‘i*”} is a
critical point of (13) and P(x) can be decomposed into DC
functions as P(x) = P; (x) — P, (x), we have

c x[k1+1]—x[’<]+ﬂv¢(x[’<])
Bp (28)
+8P1 (x[kjﬂ]) _ 3P2 (X[I<j+1])

Let k; — oo, by using [xtki*+1 — xtkil||, - 0 from the above
conclusion and considering the semi-continuity of V¢, dP;
and dP,, we have that 0 e Vo (x*) + pdP; (x*) — pdP (x*).
Therefore, x* is a critical point of problem (8). This com-
pletes the proof.

O

From the proof of Theorem 2, we have that
lim,,_, . ||x¥+11 —xIK||, =0 is a necessary optimality condition
of the FBS. Therefore, we can use [|x[k+11 —x[¥||, as a quantity to
measure the convergence performance of the sequence {x/¥} to a
critical point x*.

Theorem 3. If Assumptions 1 and 2 are satisfied and B <1/L, let
{x[K1} be the sequence generated by the FBS of (11) for minimization
problem (8), then for every K> 1, we have

F(0) - F(x*)
K1 -LB)

Proof. Summing the inequality (26) over k=0, ..., K, we can ob-
tain

1 L\ 2

[k+1] [k] [K+1]

(ﬁ—g)ZHﬂ —xM|J < F(0) — F(xl1) (30)
k=0

When B <1/L, we have that {F(x[X)} is monotonically decreasing,

which means that F(xI¥+11) > F(x*). Substituting this into (30), we
have

K min [ <2

min ||x!*1 — x4 Hi <28 (29)

0<k<K

F(0)—F (x!*+11)

(1-LB) (31)
F(0)-F(x*
= 2815

This completes the proof. O

In fact, we may have a stricter conclusion for the convergence
speed as F(x[k+1]) — F(x[K) can be smaller than (5 — ﬁ)”x”‘”] -
x[K|Z in (26).
Proposition 9. Suppose that functions P(X) and R(X) satisfy Property
1, and R(x) is separable, i.e., R(X) = Z?Ll ri(x;), and each r; is strictly
increasing on R.. Let {xIX} be the sequence generated by the FBS of
(11) for minimization (8), then we have

PRI = P8 = (5 = g5) 1

2 (32)
+ min {—# [l — k|| 4 p A, O]

k k
where A=Y, rl-(x!. h— Yie, r,-(xg h, A = F)’z’[kﬂl\l“;[k“],
and Ay = TN \TS

x[kl*
See Appendix H for the proof.
From Proposition 9, we can find that F(x!k+11) — F(xIl) < (L —
X —xKZf 5 ) s the same as TSy,

5. Extensions

In this section, we discuss some related algorithms for solving
(8), show a link between the DC function P(x) with other regular-
ization functions, and simply extend P(x) to rank-constrained prob-
lem, which can enlarge the application scope of the proposed al-
gorithm.

5.1. Related algorithms

Here, we discuss some related algorithms. When ¢(x) is con-
vex, it is an intuitive idea that we can use the DCA to solve the
minimization (8). Since P(x) can be written as the DC functions,
i.e., P(X) =P (x) —P,(x), the objective function can be naturally
decomposed into

F(X) = ¢(x) + pP(X)={¢(X) + pP (X)} — pP2(X) (33)
The corresponding DCA solves the minimization problem as
xF 1 = arg min {¢ (x) + pP; (x) — pPy (xM)—p(wlk], x — xI¥)}
XeRN
(34)

where wlkl € 3P, (x[k]). Although this problem is convex, it does not
necessarily have closed-form solution and the computational cost
is very expensive for large-scale problems.

On the other hand, since ¢(x) is continuously differentiable
with L-Lipschitz continuous gradient, we can use the Sequential
Convex Programming (SCP) [67] to solve problem (8) by updating
{(x[K} as

x[k+1] = arg m]g} {@(x14]) + (Ve (xIK), x — xI])
Xe
e  oh o) pP() ()
—)0<W[k], X — x[k])}

Meanwhile, the SCP can be thought as a variant of DCA with DC
decomposition:

F(x) = (pPi (x) + L||x]13/2)

; (36)
—(PP (%) +L|Ix[|3/2 — p(x))
The subproblem can be written as
xIk+11 = arg min {pP; (X)
XeR! (37)

4 (= (Vo () o) ]

Due to that the subproblem (37) can be solved by using the
proximal operator, Ref [43]. and [44] call this type DCA as proximal
DCA (PDCA). For some simple form P(x), subproblem (37) also has
closed-form solution. For example, P(x) = ||x||; — ||x||; and P(x) =
||x||% - ||x5||%. In the numerical experiment, we will compare the
FBS with this PDCA and show that the FBS is more efficient than
PDCA in this problem. Meanwhile, as P(x) is a DC function, the FBS
reduces to the GIST algorithm proposed in [54].

To improve the performance of the FBS, some acceleration
methods can be used in the proximal framework. Such as the Non-
monotone Accelerated proximal gradient (nmAPG) method [55],
the extrapolation method in PDCA (pDCAe) [51] and the backtrack-
ing line search initialized method with Barzilai-Borwein (BB) rule
[68] in GIST [54].
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Fig. 1. Level curves of different metrics.

5.2. Comparing with other regularization

From the previous discussion, we have illustrated that the
DC function P(X) can replace the ¢g-norm constraint. And in
Theorem 1 and Proposition 2, we have proved that the uncon-
strained problem (8) is equal to the original sparsity constrained
problem (3) when we select proper parameter p. On the other
hand, in the minimization problem (8), P(x) can also be consid-
ered as a regularization function. Then, we can investigate its per-
formance from the aspect of sparsity metric. Fig. 1 shows the con-
tours of various regularizers for comparing.

From Fig. 1, we can find that the level curves of R(x) — R(x%)
approach the x and y axes as the values get small, hence pro-
moting sparsity. Inspire by Sidky et al. work of [69] and Rahimi
et al. work of [70], where they using toy examples to illustrate
the advantages of ¢, and ¢;/¢,, respectively, we also use a simi-
lar example to show that with some special data sets (A, b), the
R(x) — R(x%) tends to select a sparser solution.

Example 1. Let N = 6 and define

1 -1 0 0 0 O 0
0 1 -1 0 0 O 0
A:=]0 1 2 1 0 0], b:=]15
2 1 1 0 1 0 20
05 05 3 0 0 -1 40

It is straightforward that any general solution of Ax = b has the
form of x = (t,t,t, 15 — 3t, 20 — 4t, 4t — 40)7 for a scalar t € R. The
sparest solution occurs at t = 0 for the sparsity of x being 3, and
some local solutions include t =5 for sparsity being 4 and t = 10
for sparsity being 5. We plot the various regularization functions
with respect to t in Fig. 2, including ¢4, € (p=1/2), £1_2, £1/¢2,
MCP (0 = 15) of (A.3) and the proposed R(X) — R(x®) with R(X) =
Il [1[l2, [1X[ly = [1x[l2. [Ix]l1/lIx]|2, MCP, and s = 3.

From Fig. 2, we can find that all these regularized functions are
not differentiable at the values of t =0, 5, and 10, where the cor-
responding sparsities of x are all smaller than 6. However, only the
£1/¢> and the s-difference R(x) — R(x%) can find the sparsest vector
X at t =0 as a global minimum, where the other functions find
t =5 as the minimum and lead to the sparsity of x being 4.

5.3. Extending to rank-constrained problem

Similar to Gotoh et al. [43], the penalty function P(x) = R(X) —
R(x%) can also be extended to rank-constrained problem based on
the connection between the ¢y-norm on RN and the rank function
for a matrix. The rank-constrained minimization problem can be
formulated as

ming(w) subject to rank(w) <s.we RM*N (38)

where s is a non-negative integer with s < g = min{M, N}. As the
rank of a matrix is equal to the number of its nonzero singular
values, i.e.,, rank(w) = ||o (w)||y, where o(w) represents the sin-
gular value vector of w and o,(w) is the i-th largest term, then
we can construct the penalty functions P,R: R — R, P(o(W)) =
R(o(w)) —R(0%(w)) that satisfy Property 1 (b) and (c), where
of(w) =o;(w) for ie{1, 2,..., s} and of(w) =0 for else. Replac-
ing the rank constraint with the DC penalty function P(o(w)) and

considering the unconstrained problem:
min¢(w) + pP(a (W)) (39)

then we can use the FBS, DCA or ADMM algorithms to solve this
rank-constrained problem.

6. Numerical experiments

In this section, simulations are performed to demonstrate the
proposed conclusions and evaluate the performance of the s-
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Fig. 2. The objective functions of a toy example. For the top row, from the left to right, the five columns are functions of ||x||1, |[X|los, [IX|l; = IXIl>, [IX]l1/lIX]l2, MCP
of (A.3) with 6 = 15, respectively. While for the bottom row, from the left to right, the five columns are functions of R(x) — R(x*) with R(x) = [|IX[l;, X2, [IX]l; = [IX]l,,

Ix|l+/l1X]l2 , MCP, respectively.

difference regularization. We mainly apply seven methods in com-
parison with the proposed algorithm: (1) the ¢;-norm regulariza-
tion based ¢;-ADMM [72]; (2) the semismooth Newton augmented
Lagrangian (SSNAL) method [75] for LASSO problem (http://www.
math.nus.edu.sg/~mattohkc/SuiteLasso.html); (3) the iterative p-
shrinkage (IPS) algorithm [17] with p= —1, which uses the p-
shrinkage mapping as S, ; (x;) = sign(x;) max{|x;| — )LZ*P|X,-|"_1, 0};
(4) the generalized minimax-concave penalty (GMC) with y =
0.8 [35], which wuses the proximal algorithm to find the
global minimizer (https://codeocean.com/2017/06/21/gmc-sparse-
regularization/); (5) the ¢p-norm (p = 1/2) regularization based
half thresholding [14]; (6) the ¢y-norm regularization based ac-
celerate IHT (AIHT) [39]; (7) the difference of the ¢; and ¢;-
norms (£;_,) regularization based ¢;_,-DCA [31]. We choose the
representative R(x) as R(X) = |Ix]l1, [IXIl2. IX|l1 — ||X||> for compar-
ing. Meanwhile, among all these penalties of comparisons, the
GMC, ¢1_, and the proposed s-difference penalties all belong to
the type of difference of convex functions. However, the solutions
of these penalties based optimization problems are different: the
GMC based problem is minimized by finding the saddle-point with
proximal algorithms comprising simple computations in [35], the
¢1_» based problem is approximately solved by using the DCA
framework in [31], while the s-difference penalty regularized prob-
lem is approximately solved by using the iterative FBS. In addition,
although the GMC is nonconvex, the convexity of the total objec-
tive function is maintained, which means that it allows the lever-
aging of globally convergent. This convexity preservation is also the
most attractive aspect of GMC. All experiments are performed in
MATLAB 2015b running on ASUS laptop with Intel (R) Core (TM)
i7-8550U CPU, 8 GB of RAM and 64-bit Windows 10 operating sys-
tem.

We focus on the following least squares problem:
min < [Ax — b|)% + pP(X) (40)
xeRN 2
and conduct experiments on simulated vector signals.

We test two types of matrices A: the random Gaussian ma-
trix with i.i.d. standard Gaussian entries and being normalized that
each column has unit norm, and the random partial DCT matrix
which is formed by randomly selecting rows from the full DCT ma-
trix. For the original sparse vector X, we generate it with random
index set and draw non-zero elements with standard normal dis-
tribution. The observation is b = AX + n, where n is zeros for the
noiseless test, and Gaussian noise for the contaminated measure-
ments. The initial value for all the methods is an approximated so-

lution of the ¢; minimization using ADMM after N iterations. The
maximum number of iterations for all these methods is 5N except
for DCA, whose maximum number of internal iterations is 5N and
the maximum number of external iterations is 20. The stopping

. K]y [k—1]
condition is set to be IX"=X 2 _ 10-5,
max{[Ix(T]|;,1)

In the first study, we look at the success rates with 100 ran-
dom instances under the noise-free condition, in which we set
the size of matrices A as 64 x 256 and let the sparsity level of X
being 1, 2, 4, 6,..., 40. We vary the regularization parameter p
from 1076 to 10 (with 30 logarithmically equally spaced) and set
B = 10p for each method, and then select the best one as the re-
sult. Here we consider a recovery x* as successful if the relative
error of recovery (Rel.Err) satisfies ||x* —X||,/||X|l, < 10~3. In addi-
tion, we set sparsity parameter s to be the ground truth s, for
the proposed s-difference P(x). Fig. 3 plots the success rates of the
comparing methods for both the Gaussian matrix and the partial
DCT matrix. From this, we can find that the s-difference regulariza-
tion with R(x) = ||x||; has the best performance for both Gaussian
matrix and partial DCT matrix. The R(x) = ||x||; — [|X||> is compa-
rable to ¢;_,-DCA, followed by R(x) = ||x||,, half thresholding and
GMC, which outperform the SSNAL, IPS and ¢;-ADMM.

In the second study, we focus on the recovery quantity of
these methods under different sizes of matrix. For the noiseless
case, we set p =101 for s-difference regularization based FBS
and p =105 for the ADMM and other types of methods. We
set B =10p, and consider (M, N, S;;yen) = (256i, 1024, 48i) for i =
1,2,...,8. Here, we also set the sparsity threshold parameter to
be S4y for the AIHT and s-difference P(x). For each triple (M,
N, Sguen), we generate 30 random realizations. Tables 2 and 3 list
the mean and standard deviation of Rel.Err for Gaussian matrix
and partial DCT matrix, respectively. We also test these meth-
ods in the presence of Gaussian noise as n = 0.01 x randn(M, 1).
We set p =1 for s-difference regularization based FBS and p =
103 for the ADMM and other types of methods, and consider
(M, N, S¢ruen) = (2561, 10244, 48i) for i =1, 2, 3, 4. The recovery per-
formance is listed in Tables 4 and 5 for comparing. From Tables 2—
5, we can find that the s-difference P(x) with the ground truth
sparsity threshold parameter can provide a quite competitive or
slightly superior performance comparing with AIHT and other
methods under the noise-free conditions. However, under the con-
dition of noise, AIHT performance decreases rapidly, while the s-
difference P(x) is still able to provide a relatively best result, es-
pecially the P(x) with R(x) = ||X||; — [|X]|. From the first and sec-
ond studies, we can find that the s-difference P(x) can obtain a
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Table 2

Mean and standard deviation of Rel.Err for different methods with Gaussian matrix under noiseless condition.

M N Strue ¢;-ADMM SSNAL IPS GMC £1_,-DCA Half thresholding AIHT s-difference (¢7) s-difference (¢1_3) s-difference (¢;)
256 1024 48 1.212e-04 1.613e-05 1.877e-05 1.670e-05 2.390e-05 2.361e-05 1.436e-05 1.546e-05 1.548e-05 1.558e-05
(4.427e-08) (1.162e-11) (1.780e-10) (6.475e-11) (2.073e-11) (4.974e-10) (3.670e-11) (3.675e-11) (1.809e-10) (1.772e-10)
512 2048 96 9.836e-05 1.615e-05 1.607e-05 1.529e-05 2.601e-05 2.079e-05 1.319e-05 1.323e-05 1.281e-05 1.290e-05
(1.774e-08) (5.634e-12) (3.291e-12) (2.990e-12) (1.224e-11) (7.632e-12) (2.544e-12) (2.581e-12) (2.307e-12) (2.341e-12)
768 3072 144  1.014e-04 1.662e-05 1.640e-05 1.461e-05 2.483e-05 2.125e-05 1.351e-05 1.372e-05 1.317e-05 1.325e-05
(1.346e-08) (4.768e-12) (2.322e-12) (2.302e-12) (4.595e-12) (7.547e-12) (2.001e-12) (2.123e-12) (1.892e-12) (1.910e-12)
1024 4096 192  1.205e-04 1.562e-05 1.562e-05 1.433e-05 2.529e-05 2.093e-05 1.284e-05 1.444e-12 1.254e-05 1.260e-05
(2.263e-08) (3.440e-12) (1.834e-12) (2.268e-12) (8.490e-12) (8.213e-12) (1.444e-12) (1.462e-12) (1.447e-12) (1.454e-12)
1280 5120 240  1.297e-04 1.642e-05 1.610e-05 1.507e-05 2.533e-05 2.113e-05 1.288e-05 1.316e-05 1.292e-05 1.297e-05
(1.422e-08) (3.132e-12) (1.839e-12) (2.379e-12) (9.386e-12) (7.449e-12) (1.455e-12) (1.533e-12) (1.477e-12) (1.486e-12)
1536 6144 288  1.155e-04 1.576e-05 1.574e-05 1.449e-05 2.468e-05 2.108e-05 1.294e-05 1.282e-05 1.256e-05 1.261e-05
(1.397e-08) (1.992e-12) (1.219e-12) (2.208e-12) (7.396e-12) (8.514e-12) (9.803e-13) (9.757e-13) (9.163e-13) (9.234e-13)
1792 7168 336  1.069e-04 1.540e-05 1.538e-05 1.436e-05 2.527e-05 2.101e-05 1.265e-05 1.270e-05 1.229e-05 1.233e-05
(1.089e-08) (1.600e-12) (1.062e-12) (2.017e-12) (9.967e-12) (6.653e-12) (9.040e-13) (9.084e-13) (8.588e-13) (8.629e-13)
2018 8192 384  1.456e-04 1.573e-05 1.564e-05 1.442e-05 2.539e-05 2.067e-05 1.287e-05 1.279e-05 1.251e-05 1.255e-05
(1.810e-08) (1.405e-12) (1.029e-12) (1.986e-12) (4.754e-12) (7.831e-12) (7.885e-13) (7.812e-13) (7.730e-13) (7.783e-13)
Table 3
Mean and standard deviation of Rel.Err for different methods with partial DCT matrix under noiseless condition.
M N Strue ¢1-ADMM SSNAL IPS GMC £1_»-DCA Half thresholding AIHT s-difference (¢7) s-difference (¢1_3) s-difference (¢;)
256 1024 48 6.766e-05 5.792e-06 5.119e-06 4.693e-06 2.521e-05 7.681e-06 4.208e-06 3.132e-06 2.969e-06 3.113e-06
(2.360e-09) (1.345e-12) (4.761e-13) (3.474e-13) (7.891e-12) (4.678e-12) (3.970e-13) (2.459e-13) (2.743e-13) (2.958e-13)
512 2048 96 9.139e-05 5.770e-06 5.466e-06 4.682e-06 2.298e-05 7.936e-06 4.509e-06 3.437e-06 3.200e-06 3.310e-06
(1.507e-08) (8.264e-13) (3.370e-12) (2.995e-12) (2.539e-11) (5.357e-12) (2.496e-12) (2.129e-12) (1.456e-12) (1.528e-12)
768 3072 144  7.828e-05 5.845e-06 5.265e-06 4.546e-06 2.418e-05 7.860e-06 4.343e-06 3.254e-06 3.075e-06 3.165e-06
(4.769e-09) (4.563e-13) (2.411e-13) (2.368e-13) (1.930e-11) (8.569e-12) (2.047e-13) (1.973e-13) (1.447e-13) (1.513e-13)
1024 4096 192  1.088e-04 5.567e-06 5.049e-06 4.881e-06 2.189e-05 7.700e-06 4.156e-06 3.065e-06 2.935e-06 3.008e-06
(1.350e-08) (2.997e-13) (1.758e-13) (1.630e-13) (2.626e-11) (8.614e-12) (1.495e-13) (1.119e-13) (1.052e-13) (1.095e-13)
1280 5120 240 1.201e-04 5.745e-06 5.175e-06 4.621e-06 2.398e-05 7.868e-06 4.267e-06 3.284e-06 3.018e-06 3.086e-06
(1.605e-08) (1.215e-13) (6.515e-14) (5.992e-14) (1.856e-11) (9.326e-12) (5.541e-14) (5.338e-14) (4.026e-14) (4.148e-14)
1536 6144 288  1.085e-04 5.793e-06 5.351e-06 5.075e-06 2.418e-05 6.895e-06 4.409e-06 3.265e-06 3.117e-06 3.181e-06
(1.192e-08) (2.182e-13) (4.024e-13) (3.065e-13) (1.533e-11) (9.014e-12) (2.849e-13) (1.976e-13)) (1.550e-13) (1.613e-13))
1792 7168 336  1.441e-04 5.632e-06 5.117e-06 4.605e-06 2.224e-05 7.843e-06 4.212e-06 3.178e-06 2.973e-06 3.030e-06
(1.177e-08) (1.092e-13) (6.588e-14) (4.996e-14) (2.069e-11) (6.979e-12) (5.368e-14) (3.995e-14) (3.654e-14) (3.779e-14)
2018 8192 384  8.597e-05 5.641e-06 5.131e-06 4.639e-06 2.286e-05 7.654e-06 4.217e-06 3.188e-06 2.969e-06 3.023e-06
(8.211e-09) (1.210e-13) (6.572e-14) (5.519e-14) (1.592e-11) (5.937e-12) (5.711e-14) (5.042e-14) (4.083e-14) (4.188e-14)
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Table 4
Mean and standard deviation of Rel.Err for different methods with Gaussian matrix under Gaussian noise.

Half s-difference
M N Strue ¢1-ADMM SSNAL IPS GMC £1_»-DCA thresholding AIHT s-difference (¢1) (£1-2) s-difference (¢3)
256 1024 48 1.236e-01 1.222e-01 1.217e-01 1.035e-01 1.050e-01 7.381e-02 2.123e-01 6.192e-02 5.857e-02 5.887e-02
(4.490e-04) (4.419e-04) (4.331e-04) (2.065e-04) (2.965e-04) (1.717e-04)) (1.539e-03) (3.765e-04) (2.500e-04) (2.369e-04)
512 2048 96 1.234e-01 1.218e-01 1.210e-01 1.049e-01 1.081e-01 9.214e-02 2.154e-01 6.185e-02 5.958e-02 5.977e-02
(3.272e-04) (3.261e-04) (3.245e-04) (2.126e-04) (2.027e-04) (7.262e-05) (7.431e-04) (1.705e-04) (1.431e-04) (1.438e-04)
768 3072 144 1.243e-01 1.224e-01 1.219e-01 1.087e-01 1.118e-01 1.020e-01 2.202e-01 6.296e-02 6.148e-02 6.120e-02
(1.266e-04) (1.289e-04) (1.275e-04) (1.155e-04) (9.412e-05) (9.371e-05) (3.419e-04)) (9.727e-05) (7.771e-05)) (7.661e-05)
1024 4096 192 1.228e-01 1.208e-01 1.202e-01 1.052e-01 1.097e-01 1.101e-01 2.182e-01 6.188e-02 5.901e-02 5.989e-02
(6.416e-05) (6.635e-05) (6.516e-05) (9.954e-05) (5.421e-05) (4.824e-05) (2.430e-04) (9.485e-05) (7.434e-05) (7.842e-05)
Table 5
Mean and standard deviation of Rel.Err for different methods with partial DCT matrix under Gaussian noise.
Half s-difference
M N Strue ¢1-ADMM SSNAL IPS GMC £1_-DCA thresholding AIHT s-difference (¢1) (€1-2) s-difference (¢;)
256 1024 48 7.361e-02 7.352e-02 7.348e-02 6.837e-02 6.273e-02 4.303e-02 1.777e-01 4.005e-02 3.105e-02 3.116e-02
(1.460e-04) (1.358e-04) (1.231e-04) (9.501e-05) (8.720e-05) (4.242e-05) (9.091e-04) (5.439e-05) (3.367e-05) (4.104e-05)
512 2048 96 7.941e-02 7.934e-02 8.033e-02 7.529e-02 7.140e-02 5.271e-02 1.857e-01 3.951e-02 3.245e-02 3.273e-02
(9.035e-05) (9.012e-05) (8.977e-05) (7.255e-05) (6.952e-05) (3.233e-05) (5.822e-04) (5.122e-05) (2.568e-05) (2.506e-05)
768 3072 144 7.428e-02 7.288e-02 7.125e-02 7.039e-02 6.760e-02 6.078e-02 1.728e-01 4.299e-02 3.032e-02 3.062e-02
(5.154e-05) (5.123e-05) (5.045e-05) (4.880e-05) (4.318e-05) (1.717e-05) (1.917e-04)) (3.023e-05) (3.032e-02)) (9.071e-06)
1024 4096 192 7.480e-02 7.369e-02 7.357e-02 7.163e-02 6.888e-02 6.608e-02 1.758e-01 4.289e-02 2.997e-02 2.984e-02
(3.288e-05) (3.144e-05) (3.055e-05) (2.835e-05) (2.619e-05) (1.337e-05) (1.537e-04) (9.025e-06) (6.900e-06) (6.853e-06)
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Fig. 3. Success rates versus sparsity for compared methods: (a) Gaussian matrix,
(b) partial DCT matrix.

better recovery than other compared methods. However, we can
also find that it is hard to determine theoretically which one is the
best for all application scenarios. This is maybe because that all
these P(x) are non-convex regularizations. Their similarity is that
they are equal to zero when the sparsity level of x is under s, and
the difference between these P(x) is that they use different ways
to punish the signals x that are not sparse enough, which leads to
different shrinkage operators as shown in section IIL

In the third study, we focus on the accuracy and efficiency
of the methods under fixed matrix A and sparsity level as
(M, N, s;puen) = (256, 1024, 48). To illustrate the benefit of the
closed-form solutions of proposed s-difference regularization, we
selectively analyse the performance of DCA, PDCA and FBS under
the condition of the same regularization P(x) = ||x||; — ||X®||;. The
DCA solves the minimization problem (40) by using (34), which is

1
[k+1] _ ; 2 [Kk]
b _arg219{2||Ax b|5 + p x|l ,o(w x)} (41)

where wlkl € 3||xsIK1||;. This problem can be solved by ADMM as

. 1 2 K]
min {3 1A% =Bl + pllvl, - pw. )}

subjectto x-—-v=0 (42)

0
------- DCA-ADMM
10 = PDCA 1
% —_—
i FBS
= -20 ‘|"‘ )
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R Y ]
o TS
S \ kN
40 % . ]
\ ™
1
!
-50 \ 1
1
-60 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400 450 500

Iteration number

Fig. 4. Convergence performance of DCA-ADMM, PDCA and FBS for solving the s-
difference [|x||; — ||x°||; regularization problem.

We denote this method as DCA-ADMM for short. The PDCA solve
the minimization problem (40) by using (37), that is

xk11 = argmin {po ||x||;
XeRN
[ (64— (AT (A ) — pwit)) |}

and it can be solved by using the soft shrinkage operator (18). We
denote this method as PDCA for short. The FBS solves the problem
by using closed-form solution (17) in Remark 7.

Fig. 4 shows the convergence performance of three methods
under noise-free condition with partial DCT matrix, which is mea-
sured by the Log-Rel.Err (defined as 10logio(Rel.Err)) versus iter-
ation numbers. Table 6 lists the mean of relative error, iteration
number and computational time (in seconds) under the noise-
free and Gaussian noise conditions as n = 0.01 x randn(M, 1). From
Fig. 4 and Table 6, it is clear that the FBS with closed-form method
leads to less error and converges faster than the DCA type meth-
ods.

From the definition of s-difference P(x), it is easy to under-
stand that the parameter s plays an important role in the al-
gorithm. Here we focus on the problem of how to select the
proper parameter s. We consider the fixed matrix A and Sqyp
as (M, N, sen) = (256, 1024, 48). Fig. 5 shows the performance of
s-difference P(x) = (||x||; — lIxIl2) — C(Ix*|l; — [Ix%]l,) under differ-
ent s from 1 to 1000. In addition to using the FBS with closed-
form solution as Proposition 8, we also consider the approxi-
mate DCA-ADMM using the similar solution of (42) but set wlkl ¢
A([IxIK, + |1x5IK||; — ||x5TKI||,). This method is not a true DCA as
the decomposition is not a convex function. However, this DCA-
ADMM still works well as shown in Fig. 5. From Fig. 5, we can
find that once the parameter s is less than the true sparsity Sy,
the performance of FBS with closed-form will drop sharply. How-
ever, the DCA-ADMM is almost unaffected. This is probably be-
cause that the FBS solves the problem as the hard thresholding
way when |y, (sy1y| is smaller than X in Proposition 8, whereas
the DCA-ADMM make full use of the non-convex P(x) and bring
better results than the ¢;-norm methods. According to this deduc-
tion, designing an adaptive penalty parameter for FBS is quite nec-
essary, which also is our future work. The good performance of
DCA-ADMM also shows the superiority of this s-difference regular-
ization from another point of view.

From Fig. 5, we also have a suggestion that if we already
have a preliminary range of judgements about sparsity based on
prior knowledge, i.e., Syyuth € (Smax» Smin)» then we suggest that
s decreases from the smax, but no less than s.;,, or just set
s be equal to smax when the range of sparsity is not very
large. Here, we also introduce an adjustment strategy to estimate

(43)
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Table 6

Mean of relative error, iteration number and computational time (sec.) under the noise-free and Gaussian noise conditions.

Noiseless condition

Noiseless condition

Noisy condition Gaussian  Noisy condition partial

Methods Gaussian matrix partial DCT matrix matrix DCT matrix
Rel.Err Iter/Time Rel.Err Iter/Time Rel.Err Iter/Time Rel.Err Iter/Time
£,-ADMM 1.098E-04 1.357E-04 1.198E-01 7.485E-02
Ix]l; — |x°|l, (DCA-ADMM)  2.298E-05  178/0.05  2.501E-05  170/0.05 7.182E-02  302/0.08 4430E-02  511/0.12
I%]l; — [Ix°]l, (PDCA) 3.735E-05  530/0.13  4.063E-05  460/0.12 1.179E-01  5120/1.46  1.005E-01  3559/1.08
I%]l; — 1%l (FBS) 1.368E-05  126/0.04  3.059E-06  65/0.03 6.190E-02  195/0.06 4264E-02  108/0.05
Ny The convergence and effectiveness of the proposed algorithm are
\ —— L1-ADMM proved and demonstrated by the theoretical proof and numerical
7‘| sausnn s difference L1-L2 (DCA-ADMM) | experiments, respectively. In addition, we have observed that the
-10 1 === s-difference L1-L2 (FBS) DCA with s-difference regularization gives better recovery results
i than the FBS using close-form solutions when the parameter s is
sk 1 ] less than the true sparsity, which motivates us to find an adap-
w ' tive strategy for the penalty and sparsity parameters in the future.
] | . . .
o i Meanwhile, how to choose the appropriate s-difference P(x) among
_8’,_30 F 1 these different regularization functions for specific application sce-
i narios is also the unsolved problem that we need to consider.
L
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Fig. 5. Recovery performance of DCA-ADMM and FBS for solving the s-difference
regularization problem with different parameter s : (a) Gaussian matrix, (b) partial
DCT matrix.

the parameter s when we don’'t know the prior sparsity range:
set slk+11 = size( find (|x[¥| > min{lng_(;[],{q])l, €})), where constant
&>0 is given. Some experiments shoxw that this adjustment strat-
egy can often find the approximate true sparsity level s, which
means that it maybe can be used to estimate the sparsity of the
unknown signal.

7. Conclusion

In this paper, we propose a new s-difference type penalty func-
tion for the sparse optimization problem, which is the difference
of the normal convex or non-convex penalty function and its cor-
responding s-truncated function. To approximately solve this non-
convex regularization problem, we use the FBS method based on
the proximal operator, which has some cheap closed-form solu-
tions for commonly used R(x), such as ¢q, ¢3, €1_p and so on.

an earlier version of this article and constructive suggestions that
improved the presentation of this work.

Appendix A. Proof of Proposition 1

To prove the Proposition 1, we use the following Lemma:

Lemma 1. If R: RN — R is convex, then for any se{1, 2,..., N},
R(xS) is also convex.

Proof. let v = diag{v,, 1, ..., vy}, since R(X) is convex, then R(vX)
is convex. Then the R(x%) can be written as a pointwise maximum
of convex functions:

R(x®) = m‘gx{R(vx) :v;€{0,1},

v[; =s} (A1)

Then we have that R(xS) is convex.

(1) For the convex and separable functions R(x) = ||x||g(p >1),
such as ||x||; and ||x||§, and the convex and non-separable func-
tions R(x) = [[X[|p, (p > 1), such as R(x) = [X]|,, it is obviously
that they satisfy Property 1(a) and (b). Then by using Lemma 1,
it completes the Property 1(c) by setting P; (x) = R(x) and P, (X) =
R(X5).

(2) For the non-convex and separable functions R(X) =
Zf’ﬂ r;(x;), where r;(x;) are equations (A.2), (A.3) and (A.4) corre-
sponding to LSP, MCP and SCAD, respectively.

ri(x;) = log (1 + |x;|/60),0 > 0 (A.2)
o JIxil=x2/(20),  |x| <6
ﬂ(Xz)—{ 02, %] > 6 ,6>0 (A3)
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Ixil, xil <1

20 |x;|-x?—1
W’ 1§|X,|<9 79>2

(9+l)/2? |Xi|29

ri(x;) = (A4)

Property 1(a) and (b) are obvious. Then we need to give the DC
formulations for P(x). Take the LSP as an example, we have that

B3l —Roe)

N " (A-5)
= max { - 15 —log (1+ 1%510) s v € {0, 1), V], =
i=1

which means that ||x5||;/6 — R(x®) is convex as |v;x;|/0 —log(1+
|vix;|/6 ) is convex. Then we can rewrite P(X) as
P(x) = R(X) — R(x°)

= {lIxll,/6 + (X[l /6 — R(x*))}

Pi(x) (A6)
— {111/ + (Ixll /6 — Rx)))
B (x)
where P;(x) and P,(x) are two convex functions. For MCP and
SCAD, we can obtain similar formulations in the same way.

(3) For the non-convex and non-separable functions, when
R(x) = ||x||; —allx];,0 <a<1, we have R(x)=R(-x). When
IX|[g<s, it is easy to see that P(x) =0. When P(x)=0,
we have |x|lo<s; otherwise [x|lo>s, then |[x[|3 < |Ix*||3+
(IXlly — %11 < (%[l + 1[Iy — 1%°[I;)%. then we have [Ix]|, -
Ix5]l, < lIx]l; = |Ix5]];, which means that P(x) = R(x) — R(x®) =
Ix|l; — %S|y —a(|[x|l; — [Ix*]l) > 0, and this is contradiction to
P(x) = 0. Meanwhile, P(x) can be formulated as

P(X) = R(X) — R(X°)
= {lIxll; +allxll,} = {1X°l, + allx]l,}

(A7)

P (x) Py (x)

when R(x) is the non-separable LSP denoted as R(x) = log(1 +
IIx|l,/6 ),0 > 0, Property 1(a) and (b) are obvious. Note that
Ix5|l,/0 — R(xS) can be thought as a composition function hog,
where h(x) = |x|/6 —log(1 + |x|/60 ) and g(x) = ||x5||,, by using
the above deduction, we have that |x5||,/6 —R(x®) is convex.
Then P(x) can be rewritten as

P(X) = R(X) — R(x*)
= (IX1,/0 + (I%°]1,/6 — R(x)))

P () (A8)
= {IX°112/6 + (IIx]l2/6 — R(%))}
P (%)

For the non-separable type MCP and SCAD, we can obtain similar
formulations in the same way. O

Appendix B. Proof of Theorem 1

Proof. This theorem can be proved in a similar manner to Theo-
rem 17.1 in [71]. Let X be an optimal solution of (3), that is,

(%) <¢p(x) forall x with |x|,<s (A.9)
Since X; minimizes (8) at p = pr, we have that
P (Xe) + peP(Xe) < B(X) + pP(X) = (%) (A.10)
By rearranging this expression, we have

1 s
R(x) = R(X;) = E(¢(X) — (%)) (A11)

Suppose that X is a limit point of {X;}, then there exits an infi-
nite subsequence 7 such that lim;c7X; = X. By taking the limit as
t— oo, t € T, on both side of (A.11)

, I BV
0 < R(X) —R(¥’) < ltlenTlE(¢(X) —¢(x)) =0

Therefore, we have that R(X) — R(X®) = 0, which means that X is
feasible to (3). Moreover, by taking the limit as t — oo for t € 7 on
(A.10), we have that

P(X) < p(X) +1lim pP(x) < (X)

Since X is feasible to (3) and X is an optimal solution of (3), then X
is also optimal to (3). O

(A12)

(A13)

Appendix C. Proof of Proposition 2

Proof. For simplicity, we use X instead of X, for an optimal solu-
tion of (8) with some p. First, we proof that ||X|loy <s. If [|X||g > s,
which means that ||X¢+1D) —%5||, > 0. We construct a vector X as
X=X +X — X6+t easily we have that X°* = X*. When p > 8/, we
have

F(X) —F(X) = ¢(X) + p(R(X) — R(X’)) — p(X) — p(R(X) — R(X®))
=¢(X) — ¢(X) + p(R(X) — R(X))
> —BlIX - K|, + pnllX — X,
= (on - B)||RED — x|, > 0
(A14)

This contradicts the optimality of X. Then we have that ||X||, satis-
fies the s-sparse constraint of (3). Let X be an optimal solution of
(3), then we have

$X) = ¢ (%) = F(X) — pPX) — F(%) + pP(R) (A15)
=F®) -F(X) <0

The inequality comes from that X is the optimal solution of (8).
This means that X is also optimal to (3). O

Appendix D. Proof of Proposition 3

Proof. Similar to the previous proof of Proposition 2, we use X in-
stead of X, for an optimal solution of (8) with some p. Assume by
contradiction that ||X||, > s, which means that ||x*+! — x|, > 0. By
constructing X = X + &° — X6+, we have

F®) ~ FR) = p(®) + p(RE) ~ RE)) ~ $(%) ~ pRE) ~ RE))
= $(R) ~ $%) + pRK) ~ RK)
> (V(]ﬁ()’(), g+ _)'(s) _ %“i(sﬂ) _,-(sui
o &0 - %,
> %60~ %[, (o0~ IV @I, - 52

> [|&e+D fiSHz(p” ~ IV )], - (1 + ﬁ)m)
>0
(A16)

The first inequality uses Assumption 1 that

L
PW) <dX) +(VHX).y—X) + 5[y XI5 Vx y Y (A17)
The third inequality follows from that

V@), = VOOl + VX)) = Vo (0);

A18
=VéO)ll, +IC (19)
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(A.16) contradicts the optimality of X, then we have that |X||
satisfies the s-sparse constraint of (3). Then we can prove
that X is also optimal to (3) similar as the previous proof of
Proposition 2. O

Appendix E. Proof of Proposition 6

Proof. Suppose that x* is the optimal solution of (12). First, we
prove that if |y;| > |y;|.we have |xf|> |x}f|; otherwise |[x}| < Ix}fl,
then we construct X € RN as X = sign(y,-)|x36| and )?’J* = sign(y;)[x}].
Whether i, je I'y or i, j ¢ I'y ori e I'y, j ¢ T'y, we always have that
R(X) = R(x*) and R(X®) = R(x*). As [|X —y||2 < [x* —y]3. then we
can obtain E(X) < E(x*). However, this contradicts the optimality
of x*.

Next, we prove that [x%
need to prove that |x!, (])I <
We can do this one by one, ie, we look at x¥
ily, we have |x7r (N)| <
51gn(y,,y(N))|yﬂy(s)| as r; is strictly increasing on Ry and sym-
metrical, thus we have the contradiction E(X) < E(x*), then we

(s+1)| < Yry(s)|- To prove this, we
|yny<s)| forall je{s+1,s+2,...,N}.
(N ﬁrst Eas-
[V, (s)|; otherwise we construct %, ) =

have |xﬂ (N)| < |yny(5)| By using this deduction, we can prove that
|xny(N 1)| < |yny(3)| in a similar way. At last, we have |x7r (s+])| <
[V, s)-

Rewrite E(X) as

2
E(x) = Z 25 (X, 6y = Y, ))
i=1 , (A19)
+ Z (ﬁ(xnym—yny(n) +rﬂy(i>(xﬂy(i>))

j=s+1

| ;ty(s+l)| = |yny(s)|~

we have that x;‘[y(j):yﬂy(j),j=
1,2,..., s and x* prox;hrny(j)(yny(j)),
Moreover,

j=s+1s+2,..., N.
convex, we have that x*

Ty(j) —

if each r; s () =
(1+)»8rny(j))’] Wy () for j=s+1,s+2,...,N. This completes

the proof. O

Appendix F. Proof of Proposition 7

Proof. First, we show that when R(x) = [x||;, we also have if
lvil > lyjl. We have |x}| > |x;|. Otherwise, we can always construct
a X ¢ RN, which swaps the absolute value of xf and X3 as the same
way in the proof of Proposition 6, then we can obtain a smaller
objective value. As proved in Proposition 4, x* =0 if and only if
y = 0. Then, we only need to consider the case y#0.

(1) If |y, 5)| # 1Yy (s41)|. then we have

{me(1), x(2), .., e (9)} = {y (1), My (2), ..., 7Ty (5)}

(A.20)
Easily, we have that if y; (s,1) =0, then x* =y and E(X*) =
0.

When Yrys+1) # 0, the first-order optimality condition of
minimizing E(x) is that

A A . i s
(Hm ||xsuz>"l—y" tely (A21)
(1 - ﬁ)xi =Y. ie TM\T
By using Proposition 5, we have that 1 + ﬁ - ﬁ >0 in
(A.21). Using (A.21), we have
(14 5 ) Il = 1yl + 2 (A22)
X, = MIx—x*|l,
27 Ty-yl-x—xT,

Substitute one equation of (A.22) into another, we have
Ix°]l, = ll2 (A.23)

By using the equation ||x|l; = /[|X5[|3 + [x — x5]|3, we have

111, = lly = 13+ (el + 207 = (A24)
Y (M T I
%1, = (19l + 4) 2 2
JIV=¥I3+ (¥l + )
(A.25)

JIV= VI3 + ¥l + 22 =

JIV =¥+ Ayl + 12

X=X, =y =¥l

(A.26)

Substitute these into (A.21), then we have

<||ysuz+x><,/||y—ys||§+<Hysnzuf—x)
Xt — Hyfllz\/ =y I3+(lly ll+1)?
1

VIv=¥ 13+l +2) -4

IVl )

Vi, iely

ie PN\

(A.27)

(2) If |yny(s)| = |yny(5+1)|, then we have a similar conclusion as
Remark 6.
From the above deduction, we have the expression of x* in
(21) and (22) when R(x) = ||x||,. This completes the proof.

O

Appendix G. Proof of Proposition 8

Proof. Similar to the previous proof of Proposition 6, we have that

*

Xt = %]

if yil > [y (A28)

As proved in Proposition 4, x* =0 if and only if y = 0. Then,
we just consider the condition of y#0. Firstly, we suppose
that |yﬂy(s)| # |yﬂy(s+1>|, then we have {mx(1), 7x(2),...,7x(s)} =
{my (1), my(2), ..., Ty (s)}.

The first-order optimality condition of minimizing E(x) is that

ar ai
1- + Xi=y,iel} (A.29)
( 11Xl ||X5||z> e y
1 Vg =y —agiie TN (A.30)
[ A A '
where q € d||x — x5||; is a subgradient.
(1) First case, when |yny(s+1)| > A. Easily we have 1 — ﬁ >

>0, ify;>0
o, ity <0 When Vryein > 4

then y; 11y —Aq > 0, so we have 1—

0 by using Proposition 5: x¥

> 0; when yo 541y <

ak\
mer, = 0

_ar
TxT2
—A, then y, 1) —Aq <0, and we also have 1 —

For ie FN\I"S, if |y;/ <A, then x; = 0. Otherwise, for this i, if
0<y;<A, then x; >0 based on Proposition 5. As 1— W >0,

the left-hand 51de (LHS) of (A.30) is positive, while the right-hand
side (RHS) of (A.30) nonpositive; if —A <y; <0, then x; < 0 based
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on Proposition 5. The LHS of (A.30) is negative, while the RHS of
(A.30) is nonnegative; if y; = 0, we have x{ = 0 based on (A.28).
For i e F§\’\F§,, if any |y;| >4, then we have x} # 0 based on

(A.30). For this i, we construct a vector z € RN as
shrink(y;, A), ie IN\TIS
z,-:{ i) ‘ y\[§y (A31)
Yy (1) iely

Forie F{,"\FS, we have (1 — )x; = z;, then we can obtain

ar
X112

X, =z-7 (A.32)
Forie l“;, we have
ai ar
1- + x|, = |y (A33)
( T ||xf||z>” o= Wl
Substitute (A.32) into (A.33), we have
V12 —
S S
Il = 2 X - xl, (A34)
By using the equation ||x|l; = /IIx*[|3 + [x — x*[|3, we have
ail||z - z°
Ix=xll, = 2=, + B2l s
2
JIz=z13+ v ll, —ah)
ar
%1, = Iyl —ar) | 1+ - -
JIz=z 13+ 1y ll, —ah)
(A36)
2
S —
Ixll, = 1z~ 21, 1+ W2 =) gy (A37)

2
lz-z1l3

Substitute these into (A.29) and (A.30), then we have: for i e I'y,

S|l, — ak A

x: = ”y””;s“ L a oS DRCED)
: JIz=z 13+ v ll, —ah)

for i e TY\T.

X = ar Z (A.39)

JIiz=z13+ 1y ll, - any?

(2) Second case, if |yﬂy(s+1)| =A, forie F{,V\Ff,, suppose that
there are k components of y; having the same amplitude of 2, i.e,,
|J’ny(s+1)| == |yr[y(s+k)| =i> |y7zy(s+k+1)|-

For ie{my(s+k+1), my(s+k+2),....,my(N)}, we have xi =
0. Otherwise, for this i, if O<y;<A, then x; > 0 based on
Proposition 5. Easily, we have y; —Ag; <0 and 1 — W
(A.30). Meanwhile, as |y, (s;1)| = A, we have |xn (s+l)| > |xf| > 0,
then y, s41) — Adn,s+1) = 0, and this contradlcts to the equation
(1- ﬁ)x*ﬂy (s11) = Yy (1) = My (s41) 0 (A30). If A <y; <0,
then x < 0 based on Proposition 5, we have y; —Ag; > 0 and 1 -
<0 from (A.30). However, as y; (s41) — Ay, s4+1) = 0, this

< 0 from

_ar
[Ix*1l2
also contradicts to the equation (1 — ﬁ)xiﬁry(wl) =Ymy(s+1) —
kqny(sﬂ). If y; =0, we have x; =0 based on (A.28). Then we ob-
tain that x; =0 for i e {my(s + k+ 1), my(s + k+2),..., my(N)}.
Forie {my(s+1),my(s+2),...,my(s + k)}, if there exits x} # 0,

for this i we have y; — Aq; =0, then we obtain 1 — ﬁ =0 and

||Ix*||, = ak. Substitute this into (A.29), we have |y*|, =aA. As
|yny(s+1)| =, then we have that there exits x} # 0 if and only
if the conditions of a=1, s=1, |yny(1)| =A and ||x*||, = A are
all satisfied. In this case, there are infinite many solutions, and

all these x* should satisfy ||x*[|; =2, x;y; >0 and xf =0 when
ie{my(k+2),my(k+3),...,my(N)}. For example,
sign A, i=m(1
x;‘:{ (Y, 1)) ' y(1) (A40)
0, ie{m2).m103) ... 1N}
or
ign (V) )4 .
v o)t e my(1), 1y @)y (k4 1))
0, ie{myk+2),my(k+3),...,my(N)}
(A.41)
When any of these conditions of a=1, s=1, |yﬂy(1)| =A

cannot be satisfied, we have xf=0 for ie {my(s+1), my(s+
2),...,my(s+k)}. Then we have x*=x*. Substitute this into
(A.29), we have x; =y; for i € I'j. Then the solution x* can be ex-
pressed as

. Yis
Xi= 0

(3) Third case, if 0 < |yﬂy(5+1)| <A, forie F{,"\F;, suppose that
there are k components of y; having the same amplitude with

Yry(s+1) ie, |y7'[y(s+])| == |yny(s+k)| > |yny(s+k+l)|~

For ie{my(s+k+1),my(s+k+2),...,my(N)}, we have x¥ =
0. Otherwise, for this i, as |yﬂy(s+1)| > |yil, we have |x*
|xf| >0 based on (A.28). W
(A.30), and we have (1 — ‘x*Hz)lx* (s+1)| <(1- ‘X*Hz)lxﬂ, wbich
means that |yny(5+1) - Aqny(sﬂ)l > |y; _Aql| through {A.30). Since
|xn (s+l)| > |xf[ # 0, then we can obtain g, (1) = SIgNVr,(ss1))
based on Proposition 5. If y;#0, then we have g; = sign(y;)

and obtain [sign (Y, s11)| - [|Vays+1)] — A1 = [signi)| - [lyil = Al
which means that A — |yny<s+1)| > A — |y;|. However, this contra-

dicts |y, 41yl > yil- If yi =0, we have |y, (1) —AGn, i)l =
XA, then we can obtain ||yny(s+1)| —A| > A, which contradicts
0 < [Vrys+1)| < A. Then, we obtain that xf =0 for i e {my(s+k+
1), my(s+k+2),....,my(N)}.

Forie {my(s+ 1) ny (s+2),....my(s+ k)}, if there exits x¥ # 0,
then we have 1 — W <0 as the signs of y; — Aq; and x; are op-
posite. For i € I'{, from (A.29), we have

B ai
x|l

If |y*[l,>ah, we have |x*||; <0, which contradicts x; # 0. So,
when [y*||; > aA, we have xf = 0, and then the solution x* is

. {J’i,
Xi =

0,
If |[y*]lo <aA, for ie{my(s+1),my(s+2),...,my(s+k)}, suppose

there are ¢ components of x}#0 and C<k From (A.30), we
have ||x* —x*||, = f(|y,,(5+1)| ,)\)/(1 Substitute this

into [Ix*][; = ([ly*ll —ai)/(1 -

y N
ler

A42
ie T\ (A42)

Ty (s+1)| =

Then we obtain 1— <0 from

X1l = (Iy°ll, — ar) (1 (A43)

y N
ler

A44
i e TN\TS (A4d)

) -
”x” ) from (A.29), we have

2
%11, = @ =y Iyl — 02 + ([ - 2) (A45)
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Reconsidering the expression of E(x), and using the first-order op-
timality condition, we have

5112 2
E(X*) — lIx ||22‘}*:||y||z _ (X*, %)
Xy = allx* [l = 11Xy + allx**[l,
_ BV [yes (1 a 0 \yss
=7 <" ( S HX*st)x >

_x*_x*s,q+(%_ﬁm>(x*_x*s)>

>

Xy = allx* Iy = X[l + alx*|l, (A.46)
B L A X L.l ] s 4
= g = S+ et — allxel,
* xS (|12 xS (|12
—|Ix* = x|y - lIx Ax Iz 4 aII)T‘X*)ﬁ2 ll2

HIx [y — alpx [l = 11Xl + allx**[l

|2 2
Then we have E(x*)<E(0), and we need to find the x* with the
largest norm among all x* that satisfying (A.29) and (A.30). From
this, we have that c should be zero to make the largest ||x*| in
(A.45). So, when ||y*||; <aX, we have the solution x* the same as
(A44).

(4) Fourth case, if y;(s,1) =0, forie F;,"\FS, we have x; =0.
Otherwise, we can construct a vector X € RN, which is equal to x*
except setting these corresponding X; to be zero. Then we can ob-
tain a smaller objective value, which contradicts the optimality of
x*. For ie F;, we have X5 =Y. Then the solution x* can be ex-
pressed as (A.44).

Once again, if there exits one or more components of y;, i ¢ I'y
having the same amplitude of Yy (s)> then we have a similar con-
clusion as Remark 6. This completes the proof.

O

Appendix H. Proof of Proposition 9

Proof. Let x[k+1] be the optimal solution of (13) with y =x[k —
BV @ (xK), then we have

E (1) — E(xIM) = IIX‘“Z”A—Yllz + R(xlk+1) — R(xlk+11%)

[y [k] [k
— g = R(x) + R(x4F)

||x[k+1]7x[k] ||§ (xlkﬂlfxlk]’x[kﬂlfy)
== 2%

A
R R(xTI) — R(xIH) + R(xH)

[k+11_ylkl ||
_ ¥ X Il; + Y (xE"]—XE"*”)(Br,»(xﬁ"*”))
i€Aji
k K
+ X r,-(x% “]) -y ri(x,[ ]>

i€y ieAy

k1] _ylkl || K X
| - [ r,»(XE 1) —y ri(x'[ 1)

i€y ieAy

(A.47)

The third equation comes from Proposition 6, and the last inequal-
ity is based on the property of subgradient. Then we have

et — x4

o7 + A0

E(x[k+1]) _ E(x”‘]) < min (A.48)

! k
where Ay =Yy, r,-(x,[‘]) ~ Yiea, r,-(x,[ D, Apyr = F)’:’[M]\Filkm,
and A, = l"i’[k]\l";[k]. Substituting this into (26), then we have (32).
This completes the proof. O

References

[1] EJ. Candes, The restricted isometry property and its implications for com-
pressed sensing, Comptes rendus - Mathematique 346 (9-10) (2008) 589-592.

[2] V.M. Patel, G.R. Easley, D.M. Healy]r, et al, Compressed synthetic aperture
radar, IEEE J. Sel. Top. Signal Process. 4 (2) (2010) 244-254.

[3] J. Yang, J. Thompson, X. Huang, et al., Random-frequency SAR imaging based
on compressed sensing, IEEE Trans. Geosci. Remote Sens. 51 (2) (2013)
983-994.

[4] CR. Berger, Z. Wang, J. Huang, et al., Application of compressive sensing to
sparse channel estimation, IEEE Commun. Mag. 48 (11) (2010) 164-174.

[5] Z. Chen, X. Jin, L. Li, et al., A limited-angle CT reconstruction method based on
anisotropic TV minimization, Phys. Med. Biol. 58 (7) (2013) 2119.

[6] M. Lustig, D. Donoho, J.M. Pauly, Sparse MRI: the application of compressed
sensing for rapid MR imaging, Magn. Reson. Med. Off. ]. Int. Soc. Magn. Reson.
Med. 58 (6) (2007) 1182-1195.

[7] R. Chartrand, V. Staneva, Restricted isometry properties and nonconvex com-
pressive sensing, Inverse. Probl. 24 (3) (2008) 035020.

[8] EJ. Candes, M.B. Wakin, S.P. Boyd, Enhancing sparsity by reweighted 11 mini-
mization, ]. Fourier Anal. Applica. 14 (5-6) (2008) 877-905.

[9] Y. Sun, J. Tao, Few views image reconstruction using alternating direction
method viad norm minimization, Int. J. Imag. Syst. Technol. 24 (3) (2014)
215-223.

[10] S. Yu-Li, T. Jin-Xu, Image reconstruction from few views by a 0-norm optimiza-
tion, Chin. Phys. B 23 (7) (2014) 078703.

[11] R. Chartrand, Exact reconstruction of sparse signals via nonconvex minimiza-
tion, IEEE Signal Process. Lett. 14 (10) (2007) 707-710.

[12] R. Chartrand, W. Yin, Iteratively reweighted algorithms for compressive sens-
ing//2008 IEEE international conference on acoustics, in: Speech and Signal
Processing, IEEE, 2008, pp. 3869-3872.

[13] D. Krishnan, R. Fergus, Fast image deconvolution using hyper-laplacian priors,
Adv Neural Inf Process Syst (2009) 1033-1041.

[14] Z. Xu, X. Chang, F. Xu, et al,, l;, Regularization: a thresholding representation
theory and a fast solver, IEEE Trans. Neural Netw. Learn. Syst. 23 (7) (2012)
1013-1027.

[15] MJ. Lai, Y. Xu, W. Yin, Improved iteratively reweighted least squares for un-
constrained smoothed ¢, minimization, SIAM J. Numer. Anal. 51 (2) (2013)
927-957.

[16] J.K. Pant, W.S. Lu, A. Antoniou, New improved algorithms for compressive sens-
ing based on ¢, norm, IEEE Trans. Circuits Syst. Il Express Briefs 61 (3) (2014)
198-202.

[17] J. Woodworth, R. Chartrand, Compressed sensing recovery via nonconvex
shrinkage penalties, Inverse Probl. 32 (7) (2016) 075004.

[18] L. Wu, Z. Sun, D.H. Li, A barzilaid borwein-like iterative half thresholding algo-
rithm for the [, regularized problem, J. Sci. Comput. 67 (2) (2016) 581-601.

[19] X. Fengmin, W. Shanhe, A hybrid simulated annealing thresholding algorithm
for compressed sensing, Signal Process. 93 (6) (2013) 1577-1585.

[20] C. Miao, H. Yu, A general-thresholding solution for [,(0 <p < 1) regularized CT
reconstruction, IEEE Trans. Image Process. 24 (12) (2015) 5455-5468.

[21] T. Zhang, Analysis of multi-stage convex relaxation for sparse regularization, J.
Mach. Learn. Res. 11 (2010) 1081-1107.

[22] T. Zhang, Multi-stage convex relaxation for feature selection, Bernoulli 19 (5B)
(2013) 2277-2293.

[23] Y. Lou, P. Yin, J. Xin, Point source super-resolution via non-convex [; based
methods, J. Sci. Comput. 68 (3) (2016) 1082-1100.

[24] S. Z. Zhang, ]. Xin, Minimization of transformed [; penalty: theory, difference
of convex function algorithm, and robust application in compressed sensing,
Math. Program. 169 (1) (2018) 307-336.

[25] T. Dinh, ]. Xin, Convergence of a relaxed variable splitting method for learn-
ing sparse neural networks via ¢;, ¢, and transformed-¢; penalties, 2018,
arXiv:1812.05719.

[26] J. Lv, Y. Fan, A unified approach to model selection and sparse recovery using
regularized least squares, Ann. Stat. 37 (6A) (2009) 3498-3528.

[27] M. Bogdan, E.V.D. Berg, W. Su, et al., Statistical estimation and testing via the
sorted 11 norm, Statistics (2013).

[28] X. Zeng, M.AT. Figueiredo, Decreasing weighted sorted ¢; regularization, [EEE
Signal Process. Lett. 21 (10) (2014) 1240-1244.

[29] Y. Lou, M. Yan, Fast 114 12 minimization via a proximal operator, J. Sci. Comput.
74 (2) (2018) 767-785.

[30] Y. Lou, P. Yin, Q. He, J. Xin, Computing sparse representation in a highly coher-
ent dictionary based on difference of 11 and 12, J. Sci. Comput. 64 (1) (2015)
178-196.

[31] P.Yin, Y. Lou, Q. He, et al., Minimization of 11-2 for compressed sensing, SIAM
J. Sci. Comput. 37 (1) (2015) A536-A563.

[32] J. Fan, R. Li, Variable selection via nonconcave penalized likelihood and its or-
acle properties, ] Am Stat Assoc 96 (456) (2001) 1348-1360.

[33] A. Mehranian, H.S. Rad, A. Rahmim, et al., Smoothly clipped absolute devia-
tion (SCAD) regularization for compressed sensing MRI using an augmented
lagrangian scheme, Magn. Reson. Imag. 31 (8) (2013) 1399-1411.

[34] C.H. Zhang, Nearly unbiased variable selection under minimax concave penalty,
Ann. Stat. 38 (2) (2010) 894-942.

[35] 1. Selesnick, Sparse regularization via convex analysis, IEEE Trans. Signal Pro-
cess. 65 (17) (2017) 4481-4494.

[36] Y. Sun, H. Chen, ]. Tao, Sparse signal recovery via minimax-concave penalty
and ¢;-norm loss function, IET Signal Proc. 12 (9) (2018) 1091-1098.


http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0001
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0001
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0002
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0002
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0002
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0002
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0002
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0003
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0003
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0003
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0003
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0003
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0004
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0004
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0004
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0004
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0004
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0005
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0005
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0005
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0005
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0005
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0006
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0006
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0006
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0006
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0007
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0007
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0007
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0008
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0008
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0008
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0008
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0009
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0009
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0009
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0010
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0010
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0010
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0011
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0011
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0012
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0012
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0012
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0013
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0013
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0013
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0014
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0014
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0014
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0014
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0014
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0015
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0015
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0015
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0015
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0016
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0016
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0016
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0016
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0017
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0017
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0017
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0018
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0018
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0018
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0018
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0019
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0019
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0019
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0020
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0020
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0020
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0021
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0021
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0022
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0022
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0023
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0023
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0023
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0023
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0024
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0024
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0024
http://arxiv.org/abs/1703.1812.05719
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0025
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0025
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0025
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0026
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0026
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0026
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0026
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0026
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0027
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0027
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0027
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0028
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0028
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0028
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0029
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0029
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0029
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0029
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0029
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0030
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0030
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0030
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0030
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0030
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0031
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0031
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0031
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0032
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0032
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0032
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0032
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0032
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0033
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0033
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0034
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0034
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0035
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0035
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0035
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0035

Y. Sun, X. Tan and X. Li et al./Signal Processing 168 (2020) 107369 17

[37] T. Blumensath, M.E. Davies, Iterative thresholding for sparse approximations, J.
Fourier Anal. Appl. 14 (2008) 629-654.

[38] T. Blumensath, M.E. Davies, Iterative hard thresholding for compressed sensing,
Appl. Comput. Harmon. Anal. 27 (3) (2009) 265-274.

[39] T. Blumensath, Accelerated iterative hard thresholding, Signal Process. 92 (3)
(2012) 752-756.

[40] Z. Lu, Iterative hard thresholding methods for ¢q regularized convex cone pro-
gramming, Math. Program. 147 (1-2) (2014) 125-154.

[41] C. Bao, B. Dong, L. Hou, et al., Image restoration by minimizing zero norm of
wavelet frame coefficients, Inverse Probl. 32 (11) (2016) 115004.

[42] X. Zhang, X. Zhang, An accelerated proximal iterative hard thresholding
method for ¢g minimization, 2017, arXiv:1709.01668.

[43] ]J. Gotoh, A. Takeda, K. Tono, DC Formulations and algorithms for sparse opti-
mization problems, Math. Program. (2018) 1-36.

[44] K. Tono, A. Takeda, ]. Gotoh, Efficient DC algorithm for constrained sparse op-
timization, 2017, arXiv:1701.08498.

[45] P.D. Tao, LT.H. An, Convex analysis approach to dc programming: theory, algo-
rithms and applications, Acta Mathematica Vietnamica 22 (1) (1997) 289-355.

[46] M. Ahn, J.S. Pang, ]. Xin, Difference-of-convex learning: directional stationarity,
optimality, and sparsity, SIAM ]. Optim. 27 (3) (2017) 1637-1665.

[47] P. Yin, ]. Xin, Iterative ¢; minimization for non-convex compressed sensing,
Journal of Computational Mathematics 35 (4) (2017) 439-451.

[48] T. Liu, TK. Pong, A. Takeda, A successive difference-of-convex approximation
method for a class of nonconvex nonsmooth optimization problems, Math.
Program. (2017) 1-29.

[49] A.L. Yuille, A. Rangarajan, The concave-convex procedure, Neural Comput. 15
(4) (2003) 915-936.

[50] EJ.A. Artacho, RM.T. Fleming, P.T. Vuong, Accelerating the DC algorithm for
smooth functions, Math. Program. 169 (1) (2018) 95-118.

[51] B. Wen, X. Chen, TK. Pong, A proximal difference-of-convex algorithm with
extrapolation, Comput. Optim. Appl. 69 (2) (2018) 297-324.

[52] F. Wen, L. Pei, Y. Yang, et al., Efficient and robust recovery of sparse signal and
image using generalized nonconvex regularization, IEEE Trans. Comput. Imag.
3 (4) (2017) 566-579.

[53] J. Zhang, C. Zhao, D. Zhao, et al., Image compressive sensing recovery using
adaptively learned sparsifying basis via 10 minimization, Signal Process. 103
(2014) 114-126.

[54] P. Gong, C. Zhang, Z. Lu, et al., A general iterative shrinkage and thresholding
algorithm for non-convex regularized optimization problems, Int. Conf. Mach.
Learn. (2013) 37-45.

[55] H. Li, Z. Lin, Accelerated proximal gradient methods for nonconvex program-
ming, Adv. Neural Inf. Process. Syst. (2015) 379-387.

[56] A. Beck, M. Teboulle, A fast iterative shrinkage-thresholding algorithm for lin-
ear inverse problems, SIAM ]. Imag. Sci. 2 (1) (2009) 183-202.

[57] B. Dong, Y. Zhang, An efficient algorithm for & O minimization in wavelet frame
based image restoration, J Sci Comput 54 (2-3) (2013) 350-368.

[58] Y. Zhang, B. Dong, Z. Lu, A 4 minimization for wavelet frame based image
restoration, Math. Comput. 82 (282) (2013) 995-1015.

[59] X. Zhang, Y. Lu, T. Chan, A novel sparsity reconstruction method from pois-
son data for 3d bioluminescence tomography, J. Sci. Comput. 50 (3) (2012)
519-535.

[60] J. Trzasko, A. Manduca, E. Borisch, Sparse MRI reconstruction via multiscale
10-continuation, in: 2007 IEEE/SP 14th Workshop on Statistical Signal Process-
ing, IEEE, 2007, pp. 176-180.

[61] J. Trzasko, A. Manduca, Highly undersampled magnetic resonance image re-
construction via homotopic ¢p-minimization, IEEE Trans. Med. Imag. 28 (1)
(2009) 106-121.

[62] K. Pavlikov, S. Uryasev, CVAr norm and applications in optimization, Optim.
Lett. 8 (7) (2014) 1999-2020.

[63] J. Gotoh, S. Uryasev, Two pairs of families of polyhedral norms versus
¢p-norms: proximity and applications in optimization, Math. Program. 156
(1-2) (2016) 391-431.

[64] Y. Sun, H. Chen, J. Tao, et al., Computed tomography image reconstruction from
few views via log-norm total variation minimization, Digit. Signal Process. 88
(2019) 172-181.

[65] F. Wen, P. Liu, Y. Liu, et al., Robust sparse recovery in impulsive noise via
¢p — £ optimization, IEEE Trans. Signal Process. 65 (1) (2017) 105-118.

[66] PL. Combettes, J.C. Pesquet, Proximal splitting methods in signal process-
ing[m], in: Fixed-Point Algorithms for Inverse Problems in Science and Engi-
neering, Springer, New York, NY, 2011, pp. 185-212.

[67] Z. Lu, Sequential convex programming methods for a class of structured non-
linear programming, 2012, arXiv:1210.3039.

[68] J. Barzilai, ].M. Borwein, Two-point step size gradient methods, IMA J. Num.
Anal. 8 (1) (1988) 141-148, doi:10.1093/imanum/8.1.141.

[69] E.Y. Sidky, R. Chartrand, X. Pan, Image reconstruction from few views by non-
convex optimization, in: 2007 IEEE Nuclear Science Symposium Conference
Record, volume 5, IEEE, 2007, pp. 3526-3530.

[70] Y. Rahimi, C. Wang, H. Dong, et al., A scale invariant approach for sparse signal
recovery, 2018, arXiv:1812.08852.

[71] J. Nocedal, S,J. Wright, Numerical Optimization, 2nd, Springer, Berlin, 2006.

[72] S. Boyd, N. Parikh, E. Chu, et al., Distributed optimization and statistical learn-
ing via the alternating direction method of multipliers, Found. TrendsA®Mach.
Learn. 3 (1) (2011) 1-122.

[73] C. Soussen, ]. Idier, D. Brie, et al., From bernoullid gaussian deconvolution to
sparse signal restoration, IEEE Trans. Signal Process. 59 (10) (2011) 4572-4584.

[74] D. Lazzaro, E.L. Piccolomini, F. ZAMA, A nonconvex penalization algorithm with
automatic choice of the regularization parameter in sparse imaging, Inverse
Probl. (2019). In press https://doi.org/10.1088/1361-6420/ab1c6b.

[75] X. Li, D. Sun, K.C. Toh, A highly efficient semismooth newton augmented la-
grangian method for solving lasso problems, SIAM ]J. Optim. 28 (1) (2018)
433-458.


http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0036
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0036
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0036
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0037
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0037
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0037
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0038
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0038
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0039
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0039
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0040
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0040
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0040
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0040
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0040
http://arxiv.org/abs/1709.01668
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0041
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0041
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0041
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0041
http://arxiv.org/abs/1701.08498
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0042
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0042
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0042
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0043
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0043
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0043
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0043
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0044
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0044
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0044
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0045
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0045
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0045
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0045
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0046
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0046
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0046
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0047
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0047
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0047
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0047
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0048
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0048
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0048
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0048
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0049
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0049
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0049
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0049
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0049
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0050
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0050
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0050
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0050
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0050
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0051
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0051
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0051
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0051
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0051
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0052
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0052
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0052
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0053
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0053
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0053
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0054
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0054
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0054
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0055
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0055
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0055
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0055
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0056
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0056
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0056
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0056
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0057
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0057
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0057
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0057
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0058
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0058
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0058
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0059
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0059
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0059
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0060
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0060
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0060
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0061
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0061
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0061
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0061
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0061
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0062
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0062
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0062
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0062
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0062
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0063
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0063
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0063
http://arxiv.org/abs/1210.3039
https://doi.org/10.1093/imanum/8.1.141
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0065
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0065
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0065
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0065
http://arxiv.org/abs/1812.08852
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0066
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0066
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0066
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0067
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0067
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0067
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0067
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0067
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0068
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0068
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0068
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0068
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0068
https://doi.org/10.1088/1361-6420/ab1c6b
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0070
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0070
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0070
http://refhub.elsevier.com/S0165-1684(19)30422-0/sbref0070

	Sparse optimization problem with s-difference regularization
	1 Introduction
	1.1 Background
	1.2 Contributions
	1.3 Outline and notation

	2 Penalty representation for s-sparse problem
	3 Forward-backward splitting for the regularization of difference of two functions
	3.1 Forward-backward splitting and proximal operator
	3.2 Closed-form solution of the proximal operator

	4 Convergence analysis
	5 Extensions
	5.1 Related algorithms
	5.2 Comparing with other regularization
	5.3 Extending to rank-constrained problem

	6 Numerical experiments
	7 Conclusion
	Declaration of competing interest
	Acknowledgment
	Appendix A Proof of Proposition 1
	Appendix B Proof of Theorem 1
	Appendix C Proof of Proposition 2
	Appendix D Proof of Proposition 3
	Appendix E Proof of Proposition 6
	Appendix F Proof of Proposition 7
	Appendix G Proof of Proposition 8
	Appendix H Proof of Proposition 9
	References


